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Abstract. For arbitrary universal algebra, in which the operation of addition 
is defined, I explore hiring of matrices of mappings. The sum of matrices is 
determined by the sum in universal algebra, and the product of matrices is de- 
termined by the product of mappings. The system of equations, whose matrix 
is a matrix of mappings, is called a system of additive equations. I considered 
the methods of solving system of additive equations. As an example, I consider 
the solution of a system of linear equations over the complex field provided 
that the equations contain unknown quantities and their conjugates. 

Linear mappings of algebra over a commutative ring preserve the oper- 
ation of addition in algebra and the product of elements of the algebra by 
elements of the ring. The representation of tensor product A (g) A in algebra A 
generates the set of linear transformations of algebra A. 

The results of this research will be useful for mathematicians and physi- 
cists who deal with different algebras. 
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CHAPTER 1 



Preface 

1.1. Preface to Version 1 

When I started to write this book the initial task was pretty simple. I was 
going to rewrite the contents of the book [5] using a matrix of mappings ([8]) as a 
tool. However, limiting myself to exploration of the division ring started to seem 
odd to me when I realized that a lot of results would hold for associative algebra, 
and something will remain unchanged in the case of nonassociative algebra. The 
results of this research will be useful for mathematicians and physicists who deal 
with different algebras, which are not necessarily associative. 

When I had represented the system of linear equations using the matrix of 
mappings I realized that a tool more powerful, then I initially assumed, appeared 
in my hands. Exploring systems of linear equations we consider the multiplication of 
the unknown quantity that belongs to the ring or the vector space by the scalar from 
the corresponding ring. However, I can assume that the unknown quantity belong 
to an universal algebra which has the addition operation. Instead of multiplication 
by a scalar I consider a mapping of universal algebra. Thus emerged the theory of 
additive equations similar to the theory of linear equations. 

As an example of the application of new methods, I consider the solution of 
a system of linear equations over the complex field provided that the equations 
contain unknown quantities and their conjugates. I explored in detail the solution 
of such system of equations in example 2.5.5. No doubt, an attempt to solve the 
system of equations (2.5.20) using determinant is not simple task. 

When I started to explore algebras, I noticed that we usually define an algebra 
over field. It seems necessary, since the algebra is a vector space. As for the 
constructions that I am interested, it doesn't really matter for me whether algebra is 
a vector space over a field or a free module over a commutative ring. When I received 
evidence that there is a study of algebras over ring, I decided to explore algebras 
over commutative ring, provided that if necessary I will relax the requirements. 

There are two algebraic structure defined on the algebra. If we consider the 
algebra as a ring, then studying a mapping of one algebra into another, we consider 
ring homomorphisms. If we consider the algebra as a module over a ring, then 
studying a mapping of one algebra into another, we consider linear mappings. It is 
evident that if an algebra has unit, then a homomorphism of the algebra is a linear 
mapping. I am mostly interested in linear mappings of algebra. 

Since then, as I explored the tensor product of division rings (section [5]-12.2), 
I kept feeling that a linear mapping in a division ring is expressed by tensor of order 
2. At the same time, it was not clear, how the tensor of order 2 describes a linear 
mapping, however to determine tensor of order 2 I need a bilinear mapping. 
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1. Preface 



The structure of the module of Hnear mappings C{A; A) is determined by non- 
comutativity of the produet in the algebra A. Once the product is commutative 
I can write expression abx instead of expression axb and I see a tensor of order 1 
where initially there was tensor of order 2. 

Algebra A iSi A is very interesting algebra. Technically I should have written 
A ^ A*, where A* is the opposite algebra. However, this would lead to some 
problems in the expression 

(1.1.1) {a (E) b) o X = axb 

since becoming not clear where to write b. Definition of product 

{a -g) b) o {c ig) d) = (ac) -g) {db) 

allows me to save notation (1.1.1). So I chose to leave notation Ag A. 

If the algebra A is free finite dimensional associative algebra, then a basis of 
representation of algebra A (E) A in the module £{A;A) is finite and allows me to 
describe all linear mappings of algebra A. 

March, 2010 

1.2. Preface to Version 2 

Shortly after I published version 1, I read the opinion of Professor Baez ([10]) 
where he talked on the role of blogs for mathematicians. In particular, Baez recom- 
mended to visit the site http : //www.ncatlab . org/nlab/ show/Online+Resources. 
This site is extremely interesting. 

I spent a lot of time to understand what problems in mathematics are interest- 
ing for people who have created this site. I put attention that on the page dedicated 
to J7-group, they consider the structure similar to structure considered by me in 
chapter 2. 

Notion about fi-group exists only on this site. In references that I have, there 
is definition of group with operators. This definition corresponds to representation 
of il-algebra in group usually considered to be additive. This is why I decided not 
to change terminology in this book. However I will return to this subject later. 

I am interesting in opportunity to consider noncommutative addition. However 
I met the problem to define the set of additive mappings. I hope to return to this 
subject later. 

August, 2010 

1.3. Conventions 

(1) Function and map are synonyms. However according to tradition, corre- 
spondence between either rings or vector spaces is called map and map of 
either real field or quaternion algebra is called function. I also follow this 
tradition, although I sometimes write the text where it is not clear what 
the term should be preferred. 

(2) In any expression where we use index I assume that this index may have 
internal structure. For instance, considering the algebra A we enumerate 
coordinates of a S A relative to basis e by an index i. This means that 
a is a vector. However, if a is matrix, then we need two indexes, one 
enumerates rows, another enumerates columns. In the case, when index 
has structure, we begin the index from symbol • in the corresponding 
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position. For instance, if I consider the matrix a*- as an element of a 
vector space, then I can write the element of matrix as a j. 

(3) Let A be free finite dimensional algebra. Considering expansion of element 
of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in 
algebra. In expression a^, it is not clear whether this is component of 
expansion of element a relative basis, or this is operation = aa. To 
make text clearer we use separate color for index of clement of algebra. 
For instance, 

a = a^Ci 

(4) If free finite dimensional algebra has unit, then we identify the vector of 
basis Co with unit of algebra. 

(5) If, in a certain expression, we use several operations which include the 
operation o, then it is assumed that the operation o is executed first. 
Below is an example of equivalent expressions. 

f oxy = f{x)y 

f ° (xy) = f{xy) 

f ox + y = fix) +y 

f o{x + y) = f(x + y) 

(6) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 



CHAPTER 2 



Matrix of Mappings 



2.1. Product of Mappings 

On the set of mappings 



we define product according to rule 



(2.1.1) 

The equation 

is true iff the diagram 



fog = fig) 
f °a = 9° f 




is commutative. 

For a £ A, there exists mapping 

(2.1.2) fa{x)=a 

If we denote mapping fa by letter a, then using equation (2.1.1), assume 

(2.1.3) /oa = /(a) 

If A is r2-algebra, in which the product is defined, then element a & A may also 
serve to indicate the operation of left shift 

(2.1.4) aob = ab 

Notation (2.1.4) does not contradict the record (2.1.3). However we must remember 
that the product {f o a) o b, a, b G A, is not associative, because 

(f o a) o b ~ f{a)b / o (a o 6) = f{ab) 

2.2. Biring of Matrices of Mappings 

Let A be il-algcbra ([2, 11]), where the operation of addition is defined, Let A 
be group with respect to the operation of addition. 

Let A{A) be the set of mappings of fi-algebra A. We can map the operation 
of addition in i7-algebra A into the set A{A) according to rule 

(2.2.1) {f + g)oa = foa + goa 

(2.2.2) (_/)oa = -(/oa) 

(2.2.3) Ooa = 
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2. Matrix of Mappings 



The equation (2.2.1) is an expression of left distributive property of multiplica- 
tion over addition. It is therefore natural to require that the product was right 
distributive 

(2.2.4) fo{a + b)^foa + fob 

We will see in the section 2.3 that this requirement is essential. Therefore, the set 
A{A) is the set of homomorphisms of group A. 

We will consider set A{A) is closed under the operations of addition and 
product of mappings. 

Theorem 2.2.1. For any mapping g G A{A) the equation 

(2.2.5) Oo.g = 

(2.2.6) {-f)og = -{fog) 
is true. 

Proof. From the equation (2.2.3), it follows that 

(2.2.7) (Oo5)oa==0o(goa) =0 

The equation (2.2.5) follows from the equation (2.2.7). From the equation (2.2.1), 
it follows that 

(2.2.8) /°5+(-/)°.9= (/ + (-/)) °5 = 005 = 

The equation (2.2.6) follows from the equation (2.2.8). □ 

Remark 2.2.2. If we assume the sum is not commutative, the requirement of the 
set A{A) is closed relative to the operation of addition may be too strict. Consider 
an expression 

(/ + 5)°('i + ^) ~ f ° {a + b) + g o [a + b) ~foa + fob + goa + gob 
Since, in general, 

fob + goa=/=goa + fob 

than we cannot state that 

{f + g)o{a + b)^fo{a + b)+go{a + b) 

In the following text, we assume that addition is commutative. Nevertheless, all 
the construction in this chapter, we will perform the way we did it would be the 
case of a noncommutative addition. □ 

Consider the set of matrices of mappings, whose elements are mappings 
/ G A{A) . According to definition [5]-2.2.1, we define o°-product of matrices 
of mappings 



(2.2.9) 



I 6o°c = (5>cg) 
\ (5o°c)^ = b-ocl 

According to definition [5J-2.2.2, we define °o-product of matrices of mappings 



(2.2.10) 



I b\c = (5goc-) 
\ {b\c)l = bloc- 

Theorem 2.2.3. The product of mappings of the set A is associative.^'^ 



^The statement of the theorem is based on the example of the semigroup from [3], p. 20, 21. 
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Proof. Consider mappings 

f : A g:A^ A h : A ^ A 
The statement of theorem follows from the chain of equations 

{{J o g) oh) o X ^ {J o g) o {ho x) ^ f o {g o {ho x)) 
= J o{{goh)ox) = [f o{goh))ox 

□ 

Theorem 2.2.4. The set A{A) is ring. 

Proof. A{A) is an Abelian group under the operation of addition. According 
to the theorem 2.2.3, A{A) is a semigroup under multiplication. Since / G A{A) 
is homomorphism of the Abelian group A, than for any a G A 

^2 2 11) (/ ° + 9)) oa= fo{{h + g)oa)= fo{{hoa + go a) 

— {f°h)oa+{fog)oa~ {foh + fog)oa 

Distributive law 

f o {h + g) = f o h + f o g 
follows from equation (2.2.11). □ 

Mappings, that belong to ring A{A), are also called ^(A)-mapping. 

Theorem 2.2.5. o°-product of matrices of A{A)-mappings is matrix of A{A)- 
mappings. 

Proof. The statement of theorem follows from equation (2.2.9) and statement 
that sum and product of ^(A)-mappings is ^(A)-mapping. □ 

Theorem 2.2.6. Product of matrices of A{A)-mappings is associative. 

Proof. The statement of the theorem follows from the chain of equations 

ifo°gVh = [{fo°g)] o hi) = ((/;, o gj^) o hi) 

fin-{9T-K))^{finH9o°h)'^) 
= ,/o°(.9o°M 

□ 

2.3. Quasideterminant of Matrix of Mappings 
Theorem 2.3.1. Suppose n x n matrix of A{A)-mappings a has 0° -inverse ma- 



O „-lo 



(2.3.1) ao°a 

Then k x k minor of a° -inverse matrix satisfy to following equation provided that 
the considered inverse matrices exist 

(2.3.2) ((a-^°°)S)''°° = -</]o° o°4^1 +a/ 

^■^This statement and its proof are based on statement 1.2.1 from [4] (page 8) for matrix over 
free division ring. 
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2. Matrix of Mappings 



Proof. Definition (2.3.1) of o°-invcrse matrix leads to system of linear equa- 
tions 

(2.3.3) aHo°(a-i"°)[^l+4^1o°(a-i=°)S = 

(2.3.4) af,]o°(a-i»°)W + a/o°(a-i»°)S = S 

We multiply (2.3.3) by 



(2.3.5) (a-=°)[^I + (aK)"'°°o°4'lo°(a-»°)S = 
Now wc can substitute (2.3.5) into (2.3.4) 

(2.3.6) - a{j],° (a[^]y'° o°4^Io°(a-i»°)S + a/o°(a-^°°)S = 5 

(2.3.2) follows from (2.3.6). □ 

Corollary 2.3.2. Suppose nxn matrix of A{A)- mappings a has q° -inverse matrix. 
Then elements of o° -inverse matrix satisfy to the equation 

(2.3.7) 

□ 

Definition 2.3.3. (^ )-o°-quasideterminant of n x n matrix a is formal expression 

(2.3.8) det{a,o°)l = {na~^°°y 

According to the remark [5J-2.1.2 we can get (|^)-o°-quasideterminant as an element 
of the matrix dot (a, o°) which we call o°-quasideterminant. □ 

Theorem 2.3.4. Expression for elements of o° -inverse matrix has form 

(2.3.9) a^i°° = •Hdct(a,o°) 

Proof. (2.3.9) follows from (2.3.8). □ 

Theorem 2.3.5. Expression for {'^)-o° -quasideterminant can be evaluated by either 
form 

(2.3.10) det(a,o°)l = -^o" (ag) o^a^ + 

(2.3.11) det(a,o°)^' - -a[.]o°Hdet (ag,o°) o°a^^^+al 

Proof. Statement follows from (2.3.7) and (2.3.8). □ 

Definition 2.3.6. If, for a mapping / G A{A) , f~^ G -^(^) follows from the 
existence of the inverse mapping /~^, then the ring v4(A) of mappings is called 
quasiclosed. □ 

Theorem 2.3.7. Let A{A) be quasiclosed ring of mappings of fl-algebra A. Let a 
be matrix of A{ A) -mappings. Then matrices det(a, o°) and a~^° are matrices of 
A{A) -mappings. 



2.4. System of Additive Equations 
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Proof. Wc will prove the theorem by induction over order of matrix. 
For n = 1, from the equation (2.3.10) it follows that 

det (a, o°)\ = al 

Therefore, quasideterminant is a matrix of ^(A)-mappings. From definition 2.3.6, 
it follows that the matrix a~^° is a matrix of ^(^)-mappings. 

Let the statement of the theorem be true for n — 1. Let a be n x ?7, matrix. Ac- 

^ o 

cording to assumption of induction, the matrix ) in the equation (2.3.10) 





























V") 







is a matrix of ^(A)-mappings. Therefore, (^)-o°-quasideterminant is ^(A)-map- 
ping. From definition 2.3.6 and theorem 2.3.4, it follows that the matrix a^^° is a 
matrix of ^(A)-mappings. □ 

Definition 2.3.8. If n x n matrix a of ^(yl)-mappings has o°-inverse matrix we 
call matrix a o°-nonsingular matrix of ^(yl)-mappings. Otherwise, we call 
such matrix o°-singular matrix of ^(y4)-mappings. □ 

2.4. System of Additive Equations 

Let A{A) be quasiclosed ring of mappings of f2-algebra A. The system of 
equations 

fa\ ... 

(2.4.1) 

Va? ... 

where a is a matrix of ^(A)-mappings is called system of additive equations. 

We can write the system of additive equations (2.4.1) in the following form 

a\ o + ... + o a;" = b^ 

a'lox^ + ... + a^Jox" = &" 

Definition 2.4.1. Suppose a is o°-nonsingular matrix. Appropriate system of 
additive equations (2.4.1) is called o°-nonsingular system of additive equa- 
tions. □ 

Theorem 2.4.2. Solution of nonsingular system of A{ A) -equations (2.4.1) is 
determined uniquely and can be presented in either form 

(2.4.2) x = a-^°\°b 

(2.4.3) X = ■Hdct(a,o°)o°& 

Proof. Multiplying both sides of equation (2.4.1) from left by a~^°° we get 
(2.4.2). Using definition (2.3.8) we get (2.4.3). □ 

Example 2.4.3. According to the definition [5J-4.1.4, effective T*-representation 
of division ring D in the Abelian group V generates the division ring of mappings 
D{*V). The image v gV under mapping a £ D{*V) is defined according to rule 

a ov = dv 

The product of mappings a, b £ D{*V) is defined according to rule 

a o b = ab 
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2. Matrix of Mappings 



In this case, the system of additive equations is the system of **£)-hnear equations. 

□ 

Example 2.4.4. According to the definition [5J-4.1.4 effective ★T-representation 
of division ring D in the Abchan group V generates the division ring of mappings 
D(V*). The image v £ V under mapping a e D{V*) is defined according to rule 

a ov = va 

The product of mappings a, b E D{V*) is defined according to rule 

a o b ^ ba 

In this case, the system of additive equations is the system of £)**-linear equations. 

□ 

2.5. System of Additive Equations in Complex Field 

According to the theorem [6J-5.1.9, additive mapping of complex field is linear 
over real field. Consider basis eo = 1, ei = i of complex field over real field. In 
the basis e, an additive mapping / is defined by matrix 

[f^ fl) 

According to the theorem [6J-7.1.1 linear mapping has matrix 



(2.5.1) 



/ oo -ai \ 
\ai ao j 

This mapping corresponds to multiplication by the number a = ao + a\i. The 
statement follows from equations 

(ao + ai_i){xo + xti) = aoXo — atXt + {aoXi_ + aia;o)« 

/ ao -ai\ / xo \ _ I aoXo 
yai ao J [^xi J yaixo 
Additive mapping generated by conjugation 

/ O Z = 2 

'l \ 




/ 

has a matrix 



.0 -1, 



bo 6i \ 
\bi -bo) 

which corresponds to the transformation (bo + bii) o I. The statement follows 
from equations 

{bo + bii)I{xo + xii) = {bo + bii){xo - xii) = boxo + b^xx + {-boXx + biXo)i 

(bo ^1)1 ^0 \ _ / boXo + bxxi\ 
\bi -bo \xi \biXo-boXi 



2.5. System of Additive Equations in Complex Field 
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Theorem 2.5.1. An additive mapping of complex field has form 

(2.5.2) f = a + boI 

(2.5.3) {a + bo I) o z ^ az + bz 

Proof. Let a mapping / be defined by matrix (2.5.f ). Comparison of matrices 
of mappings f, a, b leads to the matrix equation 





(2.5.4) /° =ao + bo 

(2.5.5) /i° = -ai+6i 

(2.5.6) /o' =ai+bi 

(2.5.7) fl =ao-bo 
From equations (2.5.4), (2.5.7), it follows that 

fo ~^ fi 1 fo ~ fl 
ao = ^— bo = ^— 

From equations (2.5.6), (2.5.5) it follows that 

fo ~ fl 7 /o + fl 
"1 = 7^ Oi = 



□ 



The set of additive mappings of complex field forms the ring generated by 
multiplication by complex number and conjugation. 

Theorem 2.5.2. The ring of mappings A{C, C) is quasiclosed ring. 

Proof. An additive mapping is nonsingular iff its matrix (2.5.1) is nonsingular. 
Inverse matrix also describes a mapping. The product of these matrices is identity 
transformation. □ 

Theorem 2.5.3. The product of additive mappings 

/ = /o + /i o / 

9 = 90+ 91° I 

has form 

h — f o g ~ Hq -\- h\ o I 

where 

(2.5.8) ho = fo9o + fi9i hi = fogi + f^g^ 
Proof. We verify directly that 

(2.5.9) /o/=l 

From the chain of equations 
(2.5.10) 
A 
lo -1 
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2. Matrix of Mappings 



it follows that 

(2.5.11) a^loaol 
From equations (2.5.9), (2.5.11), it follows that 

(2.5.12) aoI = Ioa 
From equations (2.5.9), (2.5.12), it follows that 

(/o + fioI)o {go +91° I) 
=/o o {go + gi o I) + f i o I o {go + 51 o /) 

(2.5.13) =/o o go + fo o gi o I + fi o I o go + f^ o I o gi o I 

={fogo) + (/o5i) ° I + fi °go o I + fi °gi ° I ° I 
={fogo + fiVi) + {fogi + /i5o) ° I 

The equation (2.5.8) follows from equation (2.5.13). □ 
Theorem 2.5.4. Let additive mapping of complex field 

g = go + gi o I 

be mapping inverse to the additive mapping 

/ = /o + /i o / 

Than 

(2.5.14) go = - , ^ -^V ^ gi- 



/i/i - /o/o /i/i - /o/o 

Proof. According to the statement of the theorem, 

(2.5.15) fog=l 
From equations (2.5.8), (2.5.15), it follows that 

(2.5.16) fogo + fiVi = 1 

(2.5.17) /iffo + /o5i = 
From equations (2.5.17) it follows that 

7i5o +7o5i = 

(2.5.18) 5o = -7o7r'5i 
From equations (2.5.16), (2.5.18), it follows that 

(2.5.19) - /o7o7r'5i + /iSi = 1 

(2.5.14) follows from equations (2.5.19), (2.5.18). □ 

Example 2.5.5. Consider the system of additive equations 

Z + 2W =1 
z — 3w = i 



(2.5.20) 



We cannot solve the system of equations (2.5.20) using determinant and Cramer's 
rule. We write the system of equations (2.5.20) in the following form 



(2.5.21) 



z + 2 o I o w — 1 
z + (—3) o w = i 



2.5. System of Additive Equations in Complex Field 
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(2.5.22) 



Now wc calculate o°-quasideterniinant of matrix 

«^(: ^:;) 

According to equation (2.3.10), we get 

det(a,o°)} = a}-aiijo°(aW)-i°°o°aW 



a 



} — 02 o (02) ^ o a1 
= 1 - 2o/o (-3)^1 o 1 

= 1 + ^0/ 

det (a,o°)? = a?-4]o°(a|i])"'°°o°af^ 

2 2 ^ i\-i 1 
= fl]^ — 02 o (a2) o fl]^ 

= 1 - (-3) o (2o/)-l o 1 

det(a,o°)2 = 02 - a["2]o°(a[2])"^°°o°a^^' 
= a\ — a\ o (a^)^"*" o 03 
= 2oI - lo (l)-i o (-3) 
= 3 + 2o/ 

J J- / o\2 2 20/ [2]n-1„° o [2] 

det(a, o )2 = ^^2 ^ '^[2]o (ap]) o 02 

= flj ^ Q^l ° (^i) o I2 

= (-3) - 1 o (l)-i o2o/ 
= -3 - 2o/ 
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2. Matrix of Mappings 



According to theorems 2.3.4, 2.5.4, o°-invcrsc matrix has form 



(a-i°°)} = (det(a,o°);)-^ = (l+3o/)- 



2 2 _ 

3 3 

9 6 



1 1 



ol 



9 



1'^ 



(a-i°°)i = (det(a,o°)?)-^ = (l + -o/)- 



-1 



3 3 
2 2 

4 



1 1 

6 



o/ 



5 5 

(a-i°°)? = (det(a,o°)^)-^ 
_ -3 + 2J _ 1 
~ ~ 5 



2 2-3 3 

3 2 

= o 7 

5 5 



- (3 + 2o/)-i 
(3 - 21) 



3 - 


2/ 


2 2- 


3 3 




3 


1- 


1 ° 


h 


6 

o 

5 




3 


2 

o 

5 



:(-3- 



3-2o/)-i 
21) 



ol 



5 , 



According to the theorem 2.4.2 the solution of the system of additive equations 
(2.5.20) has form 

/9 6 , 4 6 
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We verify directly, that we found the solution of the system of equations (2.5.20) 



^-2z)+2(i-z) =? + 2i + (-2 + 2)z = l 
5 / \5 / 5 5 



□ 



CHAPTER 3 



Linear Mapping of Algebra 



3.1. Module 

Theorem 3.1.1. Let ring D has unit e. Representation 

(3.1.1) f:D-^*A 

of the ring D in an Abelian group A is effective iff a = follows from equation 

/(«) = o.' 

Proof. Wc define the sum of transformations / and g of an Abelian group 
according to rule 

{f + g) o a ~ f o a + g o a 
Therefore, considering the representation of the ring D in the Abelian group A, we 
assume 

/(a + b) o X = f{a) o X + f{b) o x 
We define the product of transformation of representation according to rule 

f{ah) = f{a)of{b) 
Suppose a, b €z R cause the same transformation. Then 

(3.1.2) f{a)om^ f{b)om 

for any m ^ A. From the equation (3.1.2) it follows that a — b generates zero 
transformation 

/(a — 6) o TO = 

Element e+a—b generates an identity transformation. Therefore, the representation 
/ is effective iff a = 6. □ 

Definition 3.1.2. Let D be commutative ring. A is a module over ring _D if A is 

an Abelian group and there exists effective representation of ring D in an Abelian 
group A. □ 

Definition 3.1.3. A is free module over ring D, if A has basis over ring D.^'^ □ 

Following definition is consequence of definitions 3.1.2 and [7J-2.2.2. 

Definition 3.1.4. Let Ai be module over ring Ri. Let A2 be module over ring 
i?2- Morphism 

if : Ri^ R2,g:Ai^ A2) 
of representation of ring i?i in the Abelian group Ai into representation of ring R2 
in the Abelian group A2 is called linear mapping of i?i-module Ai into R2- 
module A2. □ 



3.1 



I follow to definition in [1], c. 103. 
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Theorem 3.1.5. Linear mapping 

if ■.Ri^R2,g:Ai^A2) 
of Ri -module Ai into R2-module A2 satisfies to equations' 



,3.2 




a,be Ai p,q e Ri 
Proof. From definitions 3.1.4 and [7J-2.2.2 it follows that 

• the mapping / is a homomorphism of the ring i?i into the ring R2 (the 
equation (3.1.5)) 

• the mapping p is a homomorphism of the Abelian group Ai into the 
Abelian group A2 (the equation (3.1.3)) 

The equation (3.1.4) follows from the equation [7]-(2.2.3). □ 

According to the theorem [7J-2.2.18; in the study of linear mappings, without 
loss of generality, we can assume Ri — R2 ■ 

Definition 3.1.6. Let Ai and A2 be modules over the ring R. Morphism 



of representation of the ring D in the Abelian group Ai into representation of the 
ring D in the Abelian group A2 is called linear mapping of £)-module Ai into 



a,bGAi peD 

Proof. From definition 3.1.6 and theorem [7J-2.2.18 it follows that the map- 
ping g is a homomorphism of the Abelian group Ai into the Abelian group A2 (the 
equation (3.1.6)) The equation (3.1.7) follows from the equation [7]-(2.2.44). □ 

■^■"^In classical notation, proposed equations have quite familiar form 



g : Ai^ A2 



£)- module A2. 

Theorem 3.1.7. Linear mapping 



□ 



g:Ai^A2 



of D-module Ai into D-module A2 satisfies to equations' 

(3.1.6) g o (a + h) = goa + gob 

(3.1.7) g o (pa) = p{g o a) 



,3.3 



g{a + b) 

fipq) 



9(a) +g(b) 



a, fe G Ai 



p,q& Rl 



3.3 



'In classical notation, proposed 



equations have form 
g(a + b)=g(a)+g{h) 
g{pa) = pg{a) 



a,b £ Ai p G D 



3.2. Algebra over Ring 
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3.2. Algebra over Ring 

Definition 3.2.1. Let D be commutative ring. Let A be module over ring D.'^ '* 
For given bilinear mapping 

f:AxA^A 

we define product in A 

(3.2.1) ab = fo{a,b) 

A is a algebra over ring D if A is Z3-modulc and wc defined product (3.2.1) in 
A. Algebra A* is called the opposite algebra to algebra A if we define a 
product in the module A according to rulc'^"'' 

ba = f o (a, b) 

If A is free Z3-module, then A is called free algebra over ring D. □ 
Remark 3.2.2. Algebra A and opposite algebra coincide as modules. □ 
Theorem 3.2.3. The multiplication in the algebra A is distributive over addition. 
Proof. The statement of the theorem follows from the chain of cquatins 
(a + b)c = / o (a + &, c) = / o (a, c) + / o (&, c) = ac + be 
a{b + c) ~ f o {a,b + c) ~ f o [a,b) + f o [a,c) = ab + ac 

□ 

The multiplication in algebra can be neither commutative nor associative. Fol- 
lowing definitions are based on definitions given in [14], p. 13. 

Definition 3.2.4. The commutator 

[a, b] ^ ab — ba 

measures commutativity in Z3-algebra A. Z3-algebra A is called commutative, if 

[a, 6] = 

□ 

Definition 3.2.5. The associator 

(3.2.2) {a,b,c) = {ab)c~ a{bc) 

measures associativity in I?-algebra A. D-algebra A is called associative, if 

(a, b,c) = 

□ 

Theorem 3.2.6. Let A be algebra over commutative ring D.^'^ 

(3.2.3) a(6, c, d) + (a, 6, c)d — {ab, c, d) — (a, be, d) + (a, 6, cd) 
for any a, b, c, d ^ A. 

•^•^There are several equivalent definitions of algebra. Initially I supposed to consider a repre- 
sentation of the ring D in the Abelian group of the ring A. But I had to explain why the product 
of elements of the ring D and of algebra A is commutative. This required a definition of the center 
of the algebra A. After careful analysis I have chosen the definition given in [14], p. 1, [9], p. 4. 

'^■'^I made the definition by analogy with the definition [12]-2, p. 2. 

•^■^The statement of the theorem is based on the equation [14]-(2.4). 
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Proof. The equation (3.2.3) follows from the chain of equations 
a{b, c, d) + (a, b, c)d = a{{bc)d — b{cd)) + {{ab)c ~ a(bc))d 

= a{{bc)d) - a{b{cd)) + {{ab)c)d - {a{bc))d 

= {{ab)c)d - {ab){cd) + {ab){cd) 

+ a{{bc)d) - a{b{cd)) - {a{bc))d 

= {ab, c, d) ~ {a{bc))d + a{{bc)d) + {ab){cd) ~ a{b{cd)) 
= {ab, c, d) — (a, (6c), d) + (a, 6, cd) 



□ 



Definition 3.2.7. The set^ '^ 

N{A) = {ae A:Vb,ce A, (a, b, c) = {b, a, c) = (6, c, a) = 0} 

is called the nucleus of an ZJ-algebra A. □ 

Definition 3.2.8. The set^ 

Z{A) = {aeA:ae N{A),\fb eA,ab^ ba} 

is called the center of an D-algebra A. □ 

Theorem 3.2.9. Let D be commutative ring. If D- algebra A has unit, then there 
exits an isomorphism f of the ring D into the center of the algebra A. 

Proof. Let e £ Ahc the unit of the algebra A. Then f o a = ae. □ 

Let e be the basis of free algebra A over ring D. If algebra A has unit, then we 
assume that eo is the unit of algebra A. 

Theorem 3.2.10. Lete be the basis of free algebra A over ring D. Let 

a = a*e,' b = V ei a,b £ A 
We can get the product of a, b according to rule 

(3.2.4) (abf = B^^a'V 

where Bf^ are structural constants of algebra A over ring D. The product 
of basis vectors in the algebra A is defined according to rule 

(3.2.5) eiCj = B^-ek 

Proof. The equation (3.2.5) is corollary of the statement that e is the basis 
of the algebra A. Since the product in the algebra is a bilinear mapping, than we 
can write the product of a and b as 

(3.2.6) ab = a^Vaej 
From equations (3.2.5), (3.2.6), it follows that 

(3.2.7) ab = a'b^B^jCk 

Since e is a basis of the algebra A, than the equation (3.2.4) follows from the 
equation (3.2.7). □ 



■^■^The definition is based on the similar definition in [14], p. 13 
^■^The definition is based on the similar definition in [14] , p. 14 



3.3. Linear Mapping of Algebra 
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Theorem 3.2.11. Since the algebra A is commutative, than 




Since the algebra A is associative, than 



(3.2.9) Bf^B^, = BIB% 



Proof. For commutative algebra, the equation (3.2.8) follows from equation 



Algebra is a ring. A mapping, preserving the structure of algebra as a ring, is 
called homomorphism of algebra. However, the statement that algebra is a module 
over a commutative ring is more important for us. A mapping, preserving the 
structure of algebra as module, is called a linear mapping of algebra. Thus, the 
following definition is based on the definition 3.1.6. 

Definition 3.3.1. Let Ai and A2 be algebras over ring D. Morphism 



of the representation of the ring D in the Abelian group Ai into the representation 
of the ring D in the Abelian group A2 is called linear mapping of Z3-algebra Ai 
into Z?-algebra A2. Let us denote C{Ai-,A2) set of linear mappings of algebra 



e% ej — Cj 6i 

For associative algebra, the equation (3.2.9) follows from equation 



□ 



3.3. Linear Mapping of Algebra 



g:Ai^ A2 



Ai into algebra A2. 

Theorem 3.3.2. Linear mapping 



□ 




Proof. The statement of theorem is a corollary of the theorem 3.1.7. 



□ 



Theorem 3.3.3. Consider algebra Ai and algebra A2. Let mappings 



f:Ai^A2 
g:Ai^A2 
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Proof. Statement of theorem follows from chains of equations 
{f + 9)°{x + y)=fo{x + y)+go{x + y)^fox + foy + gox + go 
= (/ + g) °x + (/ + g)oy 
if + 9)° (px) =f ° (px) +90 (px) ^pf ox+pgox 
+ 9)°x 

Theorem 3.3.4. Consider algebra Ai and algebra A2. Let map 

be linear map. Then maps ag, gb, a, b ^ A2, defined by equations 

(ag) o X ^ a g o X 
(gb) o X = g o X b 

are linear. 

Proof. Statement of theorem follows from chains of equations 

(ag) o{x + y)^ago{x + y)^a{gox + goy)^agox + agoy 
={ag) OX + (ag) o y 
(ag) o (px) ~a g o [px) ^apgox=pagox 
^P {ag) o X 

{gb) o (.T + y) =g o [x + y) b = {g o x + g o y) b = goxb + goyb 
^{gb) OX + (gb) oy 
{gb) o (px) ~g o [px) b ~ p g o x b 
=P (56) o X 

Theorem 3.3.5. Consider algebra Ai and algebra A2. Let map 

g: Ai^ A2 

be linear map. Then maps pg, p ^ D, defined by equation 

(pg) o X ~ p g o X 

are linear. This holds 

p{q9) = {pq)9 

{P + q)9 =P9 + <19 
Proof. Statement of theorem follows from chains of equations 

{pg) o{x + y)^pgo{x + y)^p{gox + goy)=pgox+pgoy 
^{pg)ox+ {pg) oy 
(pg) o (qx) ^p go (qx) ^ pq g o x = qp g o x 
=q {pg) o X 

{p{Q9)) ° X =p (qg) ox=p{qgox):^ {pq) gox= {{pq)g) o x 
{{p + 1)9) ° X ={p + q) gox~pgox + qgox^ {pg) o x + {qg) o x 



3.4. Algebra C(A; A) 
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□ 

Theorem 3.3.6. Let D be commutative ring with unit. Consider D-algebra Ai 
and D-algebra A2. The set C{Ai; A2) is an D-module. 

Proof. The theorem 3.3.3 determines the sum of hncar mappings from D- 
algcbra Ai into _D-algebra A2- Let /, g, h G £(j4i; A2). For any a G Ai 

(/ + g) o a =/ oa + goa = goa + foa 

={fJ + .f)°a 

((/ + g) + h) o a =(/ + g)oa + hoa~{foa + goa) + hoa 

= f o a + (g o a + h o a) — foa + {g + h)oa 

={f + ifJ + h))oa 

Therefore, sum of hnear mappings is commutative and associative. 
The mapping z defined by equation 

2; o a; = 

is zero of addition, because 

(z + /)oa=:zoa + /oa = + /oa = /oa 
For a given mapping / a mapping g defined by equation 

g o a = — / o a 

satisfies to equation 

f + 9 = z 

because 

{f + g)oa = foa + goa = foa — foa^O 
Therefore, the set £(yli; A2) is an Abehan group. 

From the theorem 3.3.5, it follows that the representation of the ring D in the 
Abelian group C{Ai;A2) is defined. Since the ring D has unit, than, according to 
the theorem 3.1.1, specified representation is effective. □ 

3.4. Algebra C{A; A) 

Theorem 3.4.1. Let A, B, C be algebras over commutative ring D. Let f be linear 
mapping from algebra A into algebra B. Let g be linear mapping from the algebra 
B into algebra C . The mapping go/ defined by diagram 




is linear mapping from the algebra A into the algebra C . 

Proof. The proof of the theorem follows from chains of equations 

{g o f) o (a + b) = g o {f o {a + b)) = go{f oa + f ob) 

= go {f o a) + g o {f ob) = [g o f) o a + {go f) ob 
{90 f)o (pa) ^9°{f ° (pa)) ^ 9 ° {P f ° a) ^ p g o {f o a) 
= P {9° f)°a 
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□ 

Theorem 3.4.2. Let A, B , C he algebras over the commutative ring D. Let f be 
a linear mapping from the algebra A into the algebra B . The mapping f generates 
a linear mapping 

r ■.geCiB;C)^gofeC{A;C) 
Proof. The proof of the theorem follows from chains of equations 
((51 + ff2) o /) o a = (51 + .92) o (/ oa) = gi o {f o a) + g2 o {f o a) 
= {91 ° f) ° a + (.92 o f)oa 
= (51 ° / + .92 o /) o a 
{{pg) o f)°a^ ipg) o {f o a) = p g o {f o a) = p {g o f) o a 
= {p{9° f)) °a 

□ 

Theorem 3.4.3. Let A, B, C be algebras over the commutative ring D. Let g be 
a linear mapping from the algebra B into the algebra C. The mapping g generates 
a linear mapping 

g*:feC{A;B)^gofeC{A;C) 
Proof. The proof of the theorem follows from chains of equations 
(5 ° ifi + h)) oa = go ((/i + /a) o a) = g o {f^ o a + f2 o a) 

= .g o (/i o a) + 5 o (/2 o a) = (g o /i) o a + (5 o /a) o a 
= (.9 o /i + .9 ° ./2) o a 
(5 ° (Pf)) oa = go {{pf) o a) = g o {p {f o a)) = p g o {f o a) 
'='P{9°f)°a^ {p{gof))oa 

□ 

Theorem 3.4.4. Let A, B, C he algebras over the commutative ring D. The 
mapping 

o : (g, /) e C{B- C) X C{A- B)^gofe C{A; C) 
is bilinear mapping. 

Proof. The theorem follows from theorems 3.4.2, 3.4.3. □ 

Theorem 3.4.5. Let A be algebra over commutative ring D. Module C{A; A) 
equiped by product 

(3.4.1) o : (5, /) e C{A; A) x C{A; A) ^ g o f e C{A; A) 

is algebra over D. 

Proof. The theorem follows from definition 3.2.1 and theorem 3.4.4. □ 



3.5. Tensor Product of Algebras 
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3.5. Tensor Product of Algebras 

Definition 3.5.1. Let D be the commutative ring. Let Ai, An, S be D- 

modules. We call map 

f : Ai X ... X An ^ S 
polylinear mapping of modules Ai, An into module S, if 

/ o (ai, ...,ai + 6i, a„) = / o (ai, Oi, ...,a„) + / o (ai, 6i, a„) 
f o {ai,...,pai,...,an) ^ pf o (ai, a^, a„) 



1 < i < n ai,bi Cz Ai pGD 



□ 



Definition 3.5.2. Let D be the commutative associative ring. Let Ai, An be 

D-algebras and S be D-module. We call map 

/: ^1 X ... X An S 
polylinear mapping of algebras Ai, An into module S, if 

f o {ai, ...,a^ + bi, ...,an) = f o {ai, ...,ai, ...,a„) + / o (ai, 6^, a„) 
/ o (ai, ...,pai, an) ^ pf o (ai, a,;, ...,a„) 

l<i<n ai,bi £ Ai p E D 

Let us denote C{Ai, 5") set of polylinear maps of algebras Ai, An into 
module S. □ 

Definition 3.5.3. Let Ai, An be free algebras over commutative ring D."^'^ 
Let us consider category A whose objects are polylinear over commutative ring D 
mappings 

f : Ai X ... X An ^ Si g : Aix ... x An ^ S2 

where ^i, S2 are modules over ring D, We define morphism / — > 5 to be linear over 
commutative ring D mapping h : Si ^ S2 making diagram 



Ai X ... X An 




commutative. Universal object Ai®...®An of category A is called tensor 
product of algebras Ai, An. □ 

Theorem 3.5.4. There exists tensor product of algebras. 



■^■^I give definition of tensor product of algebras following to definition in [1], p. 601 - 603. 
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Proof. Let M be module over ring D generated by product Ai x ... x An of 
algebras Ai, An- Injection 

z : Ai X ... X An ^ M 

is defined according to rule 

(3.5.1) i o (di, ...,dn) = {di, ...,dn) 

Let C M be submodule generated by elements of the following type 

(3.5.2) {di,...,di + Ci,...,dn) - (di, d^, d„) - (di, c^, d„) 

(3.5.3) {di, ...,adi, ...,dn) - a{di, dj, d„) 
where di & Ai, a ^ Ai, a & D. Let 

j : M AI/N 

be canonical map on factor module. Consider commutative diagram 



(3.5.4) 




Ai X ... X An : — ^ M 

Since elements (3.5.2) and (3.5.3) belong to kernel of linear map j, then, from 
equation (3.5.1), it follows 

(3.5.5) / o (di, di + a, dn) =/ o (di, di, d„) + / o (di, c,;, ...,d„) 

(3.5.6) / o (di, ...,ad,, d„) =a / o (di, dj, d„) 

From equations (3.5.5) and (3.5.6) it follows that map / is polylinear over ring D. 
Since M is module with basis Ai x ... x An, then, according to theorem [1]-4.1 on 
p. 135, for any module V and any polylinear over D map 

5 : Ai X ... X An ^ V 

there exists a unique homomorphism k : M ^ V , for which following diagram is 
commutative 

(3.5.7) Ai X ... X An : — ^ M 




V 



Since g is polylinear over D, then ker k C N. According to statement on p. 
[1]-119, map j is universal in the category of homomorphisms of vector space M 
whose kernel contains TV. Therefore, we have homomorphism 

h : M/N V 



3.5. Tensor Product of Algebras 





which makes the following diagram commutative 
(3.5.8) M/N 



M 



V 

We join diagrams (3.5.4), (3.5.7), (3.5.8), and get commutative diagram 
(3.5.9) M/N 



Ai X ... X A. 



Since Im/ generates M /N, then map h is uniquely determined. 
According to proof of theorem 3.5.4 

Ai ® ... (g) An = M/N 

If di ^ Ai, we write 

(3.5.10) j o (di,...,d„) = rfi (g) ... (8)d„ 

Theorem 3.5.5. Let Ai, An be algebras over commutative ring D. Let 

/ : Ai X ... X ^„ -> ^1 (g) ... g) An 
be polylinear mapping defined by equation 

(3.5.11) /o (di,...,d„) = di®...(8)d„ 
Let 

g : Ai X ... X An V 
be polylinear mapping into D-module V . There exists an D-linear mapping 

h : Ai (g) ... 1^ An ^ V 

such that the diagram 

(3.5.12) y4i (g) ... (g) A„ 



Ai X ... X An 



is commutative. 
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Proof. Equation (3.5.11) follows from equations (3.5.1) and (3.5.10). An 
existence of the mapping h follows from the definition 3.5.3 and constructions made 
in the proof of the theorem 3.5.4. □ 

We can write equations (3.5.5) and (3.5.6) as 

oi (g) ... ® (flj + bi) ® ... (g) a„ 

(3.5.13) 

=ai (g) ... (g) flj (g) ... g) a„ + ai (g ... g) 6^ g) ... g) a„ 

(3.5.14) ai (g ... (cfli) (g ... g) a„ = c(ai (g ... (g g) ... (g a„) 

a, eAi he Ai ceD 

Theorem 3.5.6. Let A he algebra over commutative ring D. There exists a linear 
mapping 

h: a®beA®A^abeA 

Proof. The theorem is corollary of the theorem 3.5.5 and the definition 3.2.1. 

□ 

Theorem 3.5.7. Tensor product Ai (g ... g) An of free finite dimensional algebras 
Ai, An over the commutative ring D is free finite dimensional algebra. 

Let Ci be the basis of algebra Ai over ring D. We can represent any tensor 
a S ^1 g) ... ® An in the following form 

(3.5.15) a = a*^---*"ei.i-^ g) ... g)e„.i„ 
Expression a*i - *" is called standard component of tensor. 

Proof. Algebras Ai, An are modules over the ring D. According to theo- 
rem 3.5.4, Ai g) ... (g An is module. 
Vector Oi S Ai has expansion 

k— 

Oi — Oi Ci-ji 

relative to basis e^. From equations (3.5.13), (3.5.14), it follows 
ai g) ... (g a„ = a|\..ajj"ei.ii ® ■■■ ®'^n-i„ 

Since set of tensors ai g) ... (g a„ is the generating set of module yli g) ... (g A„, than 
we can write tensor a e Ai ® ... ® An in form 

(3.5.16) a = a^Os-i" ...Os-n^ei-i^ (g ... g) e„.i„ 
S a,.i\ a,.^' e i^. Let 



s-l ■•■"s-n 



(3.5.17) 

Then equation (3.5.16) has form (3.5.15). 

Therefore, set of tensors ei-i^ ® ... g) e„.i„ is the generating set of module 
(g ... (g An. Since the dimension of module Ai, i = 1, n, is finite, than the set 
of tensors ei.i^ gD ... g)e„.,;„ is finite. Therefore, the set of tensors ei.;^ gD ... (ge„.i„ 
contains a basis of module ^ig)...g)A„, and the module y4ig)...g)A„ is free module 
over the ring D. 

We define the product of tensors like ai (g ... (g a„ componentwise 
(3.5.18) {di (g ... g) d„)(ci (g ... g) c„) = (dici) g) ... g) (fi„c„) 



3.5. Tensor Product of Algebras 
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In particular, if for any i, i — 1, n, at G Ai has inverse, then tensor 

(ai (S) ... «) a„)^^ = (ai)"^ •■■ <^ (on)"^ 
is inverse tensor to tensor 

ai (X) ... a„ g Ai (g) ... (g) An 
The definition of the product (3.5.18) agreed with equation (3.5.14) because 
(oi g) ... (g) (cai) ... (g) a„)(6i (g) ... g) 6i g) ... g) 6„) 
= (ai6i) ® ... g) (cai)6i g) ... g) (a„6„) 
=c((ai6i) (g ... (g {uibi) (g ... g) (a„&„)) 
=c((ai g) ... g) a„)(6i g) ... g) 6„)) 
The distributive property of multiplication over addition 

(fli g) ... g) ® ... g) a„) 
*((&! g) ... g) 6, g) ... g) 6„) + (6i (g ... g) c, g) ... g) &„)) 
= (ai g) ... g) g) ... g) a„)(&i g) ... g) (6i + Ci) ig ... g) 6„) 
= (ai6i) g) ... g) (ai(&i + Ci)) g) ... g) (a„6„) 
(3.5.19) =(ai6i) g) ... g) (oi&i + a^Ci) g) ... g) (a„&„) 

= (ai6i) g) ... gi (oi&i) g) ... g) (a„6„) 
+ (ai6i) g) ... g) (ciCi) g) ... g) (a„&„) 
= (ai g) ... g) g) ... g) a„)(&i g) ... g) &i g) ... g) 6„) 
+ (ai g) ... g) g) ... g) a„)(&i g) ... (g Ci g) ... g) 6„) 

follows from the equation (3.5.13). The equation (3.5.19) allows us to define the 
product for any tensors a, b. □ 

Remark 3.5.8. According to the remark 3.2.2, we can define different structures of 
algebra in the tensor product of algebras. For instance, algebras Ai g)^2, Ai ® A2, 
AI g) A2 are defined in the same module. □ 

Theorem 3.5.9. Let Ci be the basis of the algebra Ai over the ring D. Let Bi.j^i 
be structural constants of the algebra Ai relative the basis Ci. Structural constants 
of the tensor product Ai g) ... ® An relative to the basis ei-i-^ g) ... g)e„.i,^ have form 



It. 



(3.5.20) ^.?;.".:t.^r...;„ = Bi-iW-Bnt 
Proof. Direct multiplication of tensors ei-i^ g) ... ®en-i„ has form 

(ei.fci g) ... g)e„.fc„) (ei.il ® ■■■ ®'^n-i^) 
=(ei.fciei.; J g) ... g) (e„.fc„e„.;,J 

(3.5.21) =(ei.fciei.; J g) ... g) (e„.fc„e„.j,J 

= {Bl-i\l^ei.j,) ® ... (g {Bn'^^jJn-jJ 



-u 31 n }n — 



I e 



According to the definition of structural constants 

(3.5.22) (ei.fci (g ... g>e„.fc„)(ei.,, (g ... (ge„.,,J = ^.t'"".!" (ei-ji 

The equation (3.5.20) follows from comparison (3.5.21), (3.5.22). 
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From the chain of equations 

(oi ... (8) a„)(6i (8) ... (g) bn) 

= (a^ei.fci ... a5;"e„.fc„)(6i^ei.j, ... «) 6^"e„.j,J 

=ai\..a^"6i\..&^"(ei.fe, ... (8 e„.fc„)(ei.,, «) ... e„.,„) 

=a^...a^6^..&i"S:f;;;i"^.J^ ..,Jei.,-, ... <8e„.,J 

=a^...a^6'l^..&i"Bl.{;,^ ...Br^.ilijei.j, ® ... ® e„.,„) 

= (a^^6'i^ B,.i\i^e,.jJ (E) ... ^ (a^65^i?n.t^„e„.,■ J 

=(ai6i) (g) ... (g) (a„&„) 

it foUows that definition of product (3.5.22) with structural constants (3.5.20) 
agreed with the definition of product (3.5.18). □ 



^■kT..k„lT..l 



Theorem 3.5.10. For tensors a, b £ Ai 
satisfy to equation 

(3.5.23) {aby^-^ 
Proof. According to the definition 

(3.5.24) a6= (a6)-''i ei.ji (g 
At the same time 

ab= a''i---'""ei.fci g) ... g)e„.fc 

(3.5.25) . . 

The equation (3.5.23) fohows from equations (3.5.24), (3.5.25). 



An, standard components of product 
^fci...fc„^U...i„ 



□ 



Theorem 3.5.11. // the algebra Ai, i = I, 
product yli (g) ... (g An is associative algebra. 



n, is associative, then the tensor 



Proof. Since 

((ei-ii ® ■•■ ® e„.i^ 
=((ei.iiei.jj g) ... g 



)(ei-ji 



i-j„))(ei-fci 



' e„.fc„) 



=((eiiiei 
=(eiii(ei 
=(ei-ii 
=(ei-ii ® 



(era.i„ei.j„))(ei.fci 



' e„.fc„) 



jjei.fcj g) ... g) ((e„.i„ei.j„)ei.fc„) 
iiCi.fcJ) (g ... (g (e„.i„(ei.j„ei.fc„)) 
• ■ gi e„.i,J((ei.jjei.fcJ g) ... g) (ei.j„ei.fc,J) 



J((ei.,r 



than 



{ab)c=a'^-'^b>^-^^c''^-^^ 

((ei.i, g) ... g) e„.i„)(ei.j, (g 
^aii...i„^ji...j„cfei...fc„ 

(ei-i-, g) ... g> e„.i„)((ei.ji ® 
=a{bc) 



•i„)(ei-A;i <g - 

'en.j„))(ei.fei 
' en-j„)(ei.fei (5 



' en.A;,J) 



en-fc„) 
' e„.fc„)) 



□ 
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3.6. Linear Mapping into Associative Algebra 

Theorem 3.6.1. Consider D -algebras Ai andA2. For given mapping f € C{Ai; A2) , 
the mapping 

g:A2xA2^ C{Ai] A2) 
g{a, b)o f = afb 

is bilinear mapping. 

Proof. The statement of theorem follows from chains of equations 
((ai + a2)fb) o X ^ (oi + 02) f o x b — ai f o x b + 02 f o x b 
" (o-ifb) o X + (02/6) ox — (ai/6 + 02/6) o X 
((j)a)fb) o X ~ (pa) f o X b — p(a f o x b) ~ p{{afb) o x) ~ {p{afb)) o x 
{af{bi + 62)) o X = a f o X (bi + b2) — a f o x bi + a f o x b2 
= [afbi) o X + (a/62) o X = {afbi + 0/62) o x 
{af{pb)) o X = a f o X [pb) ~ p(a f o x b) ~ p{{afb) ox) — {p{afb)) o x 

□ 

Theorem 3.6.2. Consider D -algebras Ai andA2. For given mapping f Cz C{Ai; A2) , 
there exists linear mapping 

/i : ^2 (g) A2 ^ C{Ai;A2) 

defined by the equation 

(3.6.1) {a®b)o f = afb 

Proof. The statement of the theorem is corollary of theorems 3.5.5, 3.6.1. □ 
Theorem 3.6.3. Consider D-algebras Ai and A2. A linear mapping 

h:A2<^A2^ *C{Ai;A2) 

defined by the equation 

(3.6.2) {a®b)of^afb a,b e A2 feC{A^,A2) 

is representation'^'^'^ of module A2 A2 in module C{Ai; A2). 

Proof. According to theorem 3.3.4, mapping (3.6.2) is transformation of mod- 
ule C{Ai;A2). For a given tensor c G A2 <E) A2, a transformation h{c) is a linear 

'^■"'^'^See the definition of representation of f7-algebra in the definition [7]-2.1.4. 
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transformation of module C{Ai;A2), because 

((a b) o (/i + o X = +f2)b)ox = a{{h + /2) o x)b 

= a(/i o a; + /2 o x)^ = a(/i o x)b + a(/2 o a;)6 

= (a/i6) o a- + (0/2^) o X 

= (a (g) 6) o /i o X 4- (a ® &) o /2 o cc 

= ((a 6) o /i + (a ® fe) o /a) o a; 

((a ® &) o (p/)) o a; = {a{pf)b) ox^ a{{pf) o 

= a{p f o a;)fe ~ po.{f o a;)fe 

= p (afb) o X ~ p {{a ® b) o f) o X 

~ {p{{a ® 5) o /)) o a; 

According to theorem 3.6.2, mapping (3.6.2) is linear mapping. According to the 
definition [7J-2.1.4 mapping (3.6.2) is a representation of the module A2(E)A2 in the 
module £(Ai;A2). □ 

Theorem 3.6.4. Let A be algebra over the commutative ring D. Algebra A® A, 
whose product is defined according to rule 

(3.6.3) {a (g> b) o {c (g> d) = (ac) (® (db) 

forms the representation in the module C{A;A). This representation allows us to 
identify tensor d G A<®A and transformation doS where S is identity transformation. 

Proof. According to the theorem 3.6.2, the mapping / G C{A; A) and the 
tensor d G A (g) A generate the mapping 

(3.6.4) x~^{dof)ox 

If we assume f ^ 5, d = a^b, then the equation (3.6.4) gets form 

(3.6.5) ((a (gi b) o 5) o X ~ (aSb) o x = a {S o x) b ^ axb 
If we assume 

(3.6.6) {{a (S) b) o 6) o X = {a ® b) o (S o x) = {a ® b) o X 

then comparison of equations (3.6.5) and (3.6.6) gives a basis to identify the action 
of the tensor a Cg) 6 and transformation (a <Si b) o S. Therefore, the mapping 

(3.6.7) de A® A^ doS e CiA;A) 

is the homomorphism of the module A(E) A into the module C{A; A). 

Mapping (3.6.7) is also homomorphisms of algebras, because the product of 
transformations a (Ei b and c(S) d has form 

((a (g) b) o {c S) d)) o X = iiac) ® (db)) o x 

= {ac)x{db) 

= a{cxd)b 

= (a ® 6) o {cxd) 

= (a(g)5) o {{cgjd) ox) 

□ 
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From the theorem 3.6.4, it follows that wc can consider the mapping (3.6.2) as 
the product of mappings a (8) 6 and /. This allows us to consider the representation 
of the algebra A2 (g) A2 in the module C{Ai ; A2 ) instead of the representation of the 
module A2 (8) A2 in the module C{Ai; ^2)- 

The tensor a E A2 (E) A2 is nonsingular, if there exists the tensor & G ^2 ® 
such that a o 6 = 1 (g) 1. 

Definition 3.6.5. Consider the representation of algebra A2 ig) A2 in the module 
C{Ai;A2).^-^^ The set 

(A2 ® A2) o / = {p = o / : e A2 O A2} 

is called orbit of linear mapping / e C{Ai; A2) □ 

Theorem 3.6.6. Consider D-algebra Ai and associative D-algebra A2. Consider 
the representation of algebra A2 ® A2 in the module C{Ai \ A2). The mapping 

h: Ai ^ A2 

generated by the mapping 

f : Ai^ A2 

has form 

h = (gs-o (E) a^.i) o / = as-ofas-i 
Proof. We can represent any tensor a E A2® A2 in the form 

a — a^.Q (g) Os-i 

According to the theorem 3.6.3, the mapping (3.6.2) is linear. This proofs the 
statement of the theorem. □ 

Theorem 3.6.7. Let A2 be algebra with unit e. Let a G A2®A2 be a nonsingular 
tensor. Orbits of linear mappings f G C{Ai; A2) and g = a o f coincide 

(3.6.8) {A2 (E A2) o f = {A2 (E A2) o g 

Proof. If ft, G {A2 (8 A2) o g, then there exists b e A2 (E> A2 such that 
h ~ b o g. Than 

(3.6.9) h = bo{ao f) = {boa)o f 
Therefore, h e {A2® A2) o f, 

(3.6.10) {A2E)A2)ogc{A2®A2)of 
Since a is nonsingular tensor, than 

(3.6.11) f = a-'og 

If /i G {A2 E) A2) o /, then there exists 5 G ^2 ® ^2 such that 

(3.6.12) h = bof 
From equations (3.6.11), (3.6.12), it follows that 

h ~ b o {a~^ o g) = {b o a^^) o g 
Therefore, h G {A2 E) A2) o g, 

(3.6.13) {A2 E) A2) o f c iA2 E) A2) o g 

(3.6.8) follows from equations (3.6.10), (3.6.13). □ 



^■-'^-'^The definition is made by analogy with the definition [7J-2.4.12. 
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From the theorem 3.6.7, it also follows that if g ~ a o f and a G A2 ® ^2 
is a singular tensor, then relationship (3.6.10) is true. However, the main result 
of the theorem 3.6.7 is that the representations of the algebra A2 ® A2 in module 
C{Ai;A2) generates an equivalence in the module C{Ai;A2). If we successfully 
choose the representatives of each equivalence class, then the resulting set will be 
generating set of considered representation. '^'^'^ 

3.7. Linear Mapping into Free Finite Dimensional Associative Algebra 

Theorem 3.7.1. Let Ai he algebra over the ring D. Let A2 he free finite dimen- 
sional associative algehra over the ring D. Let e he hasis of the algehra A2 over the 
ring D. The mapping 

(3.7.1) g = aof 

generated hy the mapping f G {Ai; A2) through the tensor a E A2 ® A2, has the 
standard representation 

(3.7.2) g = a'-' (e.; e,- ) o / = a'^Cifej 

Proof. According to theorem 3.5.7, the standard representation of the tensor 
a has form 

(3.7.3) a = a'^-'ei (S) ej 

The equation (3.7.2) follows from equations (3.7.1), (3.7.3). □ 

Theorem 3.7.2. Let ei he hasis of the free finite dimensional D-algehra Ai. Let 
62 be basis of the free finite dimensional associative D-algehra A2. Let -B2-5J; be 
structural constants of algebra A2. Coordinates of the mapping 

g ^ao f 

generated hy the mapping f £ (Ai; A2) through the tensor a £ A2 ® A2 and its 
standard components are connected by the equation 

(3.7.4) fff = /r5^-'i?2.L^2.^, 

Proof. Relative to bases ei and 62, linear mappings / and g have form 

(3.7.5) fox^ f]x^e2.i 

(3.7.6) gox = g]x^e2.i 
From equations (3.7.5), (3.7.6), (3.7.2) it follows that 

gfx^e2k= a*'e2.i//"a;'e2.me2.j 



(3.7.7) 

Since vectors e2-k are linear independent and a;* are arbitrary, than the equation 
(3.7.4) follows from the equation (3.7.7). □ 



Theorem 3.7.3. Let ei he hasis of the free finite dimensional D-algehra Ai. Let 
62 be basis of the free finite dimensional associative D-algehra A2. Let -B2 -jj; be 
structural constants of algebra A2 . Consider matrix 

(3-7.8) S=(Bt.ii) = (S2.Li32.^,) 



■^■^ ■^Generating set of representation is defined in definition [7]-2.6.5. 
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whose rows and columns are indexed by .J^^j and .^j , respectively. If matrix B 
is nonsingular, then, for given coordinates of linear transformation g[, and for 
mapping f = S , the system of linear equations (3.7.4) with standard components 
of this transformation g'^'' has the unique solution. 
If matrix B is singular, then the equation 



(3.7.9) rank (S j;,.^,- gt) 



ranki? 



is the condition for the existence of solutions of the system of linear equations 
(3.7.4). In such case the system of linear equations (3.7.4) has infinitely many 
solutions and there exists linear dependence between values g^-^ . 

Proof. The statement of the theorem is corollary of the theory of hnear equa- 
tions over ring. □ 

Theorem 3.7.4. Let A be free finite dimensional associative algebra over the ring 
D. Lete be basis of the algebra A over the ring D. Let B'^^ be structural constants 
of algebra A. Let matrix (3.7.8) be singular. Let the linear mapping f S C{A; A) be 
nonsingular. If coordinates of linear transformations f and g satisfy to the equation 

(3.7.10) rank(Bt..i,- oL Z^) = rankB 
then the system of linear equations 

(3.7.11) 5f = frg'^Bf^B^^ 
has infinitely many solutions. 

Proof. According to the equation (3.7.10) and the theorem 3.7.3, the system 
of hnear equations 

(3.7.12) ft = f'^B^,,B';^ 

has infinitely many solutions corresponding to linear mapping 

(3.7.13) / = f.>ei®e,- 

According to the equation (3.7.10) and the theorem 3.7.3, the system of linear 
equations 

(3.7.14) = g'^B^Bl- 

has infinitely many solutions corresponding to linear mapping 

(3.7.15) g = giiei®ej 

Mappings / and g are generated by the mapping 5. According to the theorem 
3.6.7, the mapping / generates the mapping g. This proves the statement of the 
theorem. □ 

Theorem 3.7.5. Let A be free finite dimensional associative algebra over the ring 
D. The representation of algebra A® A in algebra C{A] A) has finite basis I. 

(1) The linear mapping f G C{A; A) has form 

(3.7.16) / = ^(a^^^.o ® Osfc-i) °Ik = Yl as^-oha^^.i 

k k 

(2) Its standard representation has form 

(3.7.17) / = a'^-'j [ei e, ) o h = a'^-'^eihej 
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Proof. From the theorem 3.7.4, it follows that if matrix B is singular and the 
mapping / satisfies to the equation 



(3.7.18) rank(sl.i,- 



then the mapping / generates the same set of mappings that is generated by the 
mapping 5. Therefore, to build the basis of representation of the algebra A® Am 
the module C{A] A), we must perform the following construction. 

The set of solutions of system of equations (3.7.11) generates a free submodule 
£ of the module £( A; A). We build the basis {hi,...,hk) of the submodule £. Then 
we supplement this basis by linearly independent vectors ft-fc+i, ^m, that do not 
belong to the submodule C so that the set of vectors hi, km forms a basis of 
the module £(A; A). The set of orbits {A®A)oS, {A®A)ohk+i, {A®A)oh^ 
generates the module £{A;A). Since the set of orbits is finite, we can choose the 
orbits so that they do not intersect. For each orbit we can choose a representative 
which generates the orbit. □ 

Example 3.7.6. For complex field, the algebra C{C; C) has basis 

Iq o z = z 
/i o z = z 

For quaternion algebra, the algebra C{H; H) has basis 

Iq O Z = Z 

□ 

3.8. Linear Mapping into Nonassociative Algebra 

Since the product is nonassociative, we may assume that action of a, G A over 
the mapping / may have form either a(/6), or {af)b. However this assumption 
leads us to a rather complex structure of the linear mapping. To better understand 
how complex the structure of the linear mapping, we begin by considering the left 
and right shifts in nonassociative algebra. 

Theorem 3.8.1. Let 

(3.8.1) l{a) o X = ax 
be mapping of left shift. Than 

(3.8.2) l{a)ol{b) = l{ab)-{a,b)i 
where we introduced linear mapping 

(a, b)i o X = (a, b, x) 
Proof. From the equations (3.2.2), (3.8.1), it follows that 

{l{a)ol{b))ox ^ l{a) o il{b) o x) 

(3.8.3) = a[bx) = {ab)x — (a, 6, x) 

~ l{ab) ox — {a,b)i ox 

The equation (3.8.2) follows from equation (3.8.3). □ 
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Theorem 3.8.2. Let 

(3.8.4) r(a) o x = xa 
he mapping of right shift. Than 

(3.8.5) r{a)or{b)=r{ba) + {b,a)2 
where we introduced linear mapping 

(b, 0)2 o X = {x, 6, a) 
Proof. From the equations (3.2.2), (3.8.4) it follows that 

(r(a) o r{b)) ox — r{a) o {r{b) o x) 

(3.8.6) = {xb)a ~ x{ba) + {x,b,a) 

= r(ba) o X -\- {x, b, a) 

The equation (3.8.5) follows from equation (3.8.6). □ 

Let 

f:A^A f={ax)b 
be linear mapping of the algebra A. According to the theorem 3.3.4, the mapping 

g:A^A g = {cf)d 

is also a linear mapping. However, it is not obvious whether we can write the 
mapping g as a sum of terms of type {ax)b and a{xb). 

If A is free finite dimensional algebra, then we can assume that the linear 
mapping has the standard representation like'^'^'^ 

(3.8.8) fox = f'i {eix)ej 

In this case we can use the theorem 3.7.5 for mappings into nonassociativc algebra. 

Theorem 3.8.3. Let ei he basis of the free finite dimensional D-algebra Ai. Let 
62 be basis of the free finite dimensional nonassociative D-algebra A2. Let B2-^i be 
structural constants of algebra A2 . Let the mapping 

(3.8.9) g = aof 

generated by the mapping f G {Ai; A2) through the tensor a G A2 (E) A2, has the 
standard representation 

(3.8.10) g = a'^ici e,) o / = a^^(e,;/)e,- 

Coordinates of the mapping (3.8.9) and its standard components are connected by 
the equation 

(3.8.11) 5f = fr9''B2.l,,B2.';. 



3.13rpj^g choice is arbitrary. We may consider the standard representation hke 

f ox = f^Siixej) 

Than the equation (3.8.11) has form 

(3.8.7) gf = /r<?^^B2.t^pB2.^. 

I chose the expression (3.8.8) because order of the factors corresponds to the order chosen in the 
theorem 3.7.5. 
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Proof. Relative to bases ei and 62, linear mappings / and g have form 

(3.8.12) /ox = /jVe2.i 

(3.8.13) gox = g}x^e2.i 
From equations (3.8.12), (3.8.13), (3.8.10) it follows that 

gix%.k= a^^'(e2.i(/ra;'e2.™))e2.j 

= a^Vr^'i?2.Li?2.^,e2.fe 

Since vectors e2-k are linear independent and x^ are arbitrary, than the equation 
(3.8.11) follows from the equation (3.8.14). □ 

Theorem 3.8.4. Let A be free finite dimensional nonassociative algebra over the 
ring D. The representation of algebra A<S5 A in algebra C{A; A) has finite basis I . 

(1) The linear mapping f G C{A; A) has form 

(3.8.15) / = ^(a.^.o flsfc-i) oIk= ^ia,^.oIk)a,^.i 

k k 

(2) Its standard representation has form 

(3.8.16) / = (ei e, ) o = a''-':' {eilk)ej 

Proof. Consider matrix (3.7.8). If matrix B is nonsingular, then, for given 
coordinates of linear transformation 5^. and for mapping f — 5 , the system of 
linear equations (3.8.11) with standard components of this transformation g'"' has 
the unique solution. If matrix B is singular, then according to the theorem 3.7.5 
there exists finite basis / generating the set of linear mappings. □ 

Unlike the case of an associative algebra, the set of generators / in the theo- 
rem 3.8.4 is not minimal. From the equation (3.8.2) it follows that the equation 
(3.6.9) does not hold. Therefore, orbits of mappings Ik do not generate an equiva- 
lence relation in the algebra L{A; A). Since we consider only mappings like {alk)b, 
than it is possible that for k ^ I the mapping Ik generates the mapping if we 
consider all possible operations in the algebra A. Therefore, the set of generators 
Ik of nonassociative algebra A does not play such a critical role as conjugation in 
complex field. The answer to the question of how important it is the mapping Ik 
in nonassociative algebra requires additional research. 
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4.1. Linear Function of Complex Field 

Theorem 4.1.1 (the Cauchy-Ricmann equations). Let us consider complex field 
C as two-dimensional algebra over real field. Let 

(4.1.1) eco = 1 eci = i 

be the basis of algebra C. Then in this basis product has form 

(4.1.2) e^.i = -ec-o 
and structural constants have form 

(4.1.3) ""^l^^ ' 
Matrix of linear function 

y' = x^fi 

of complex field over real field satisfies relationship 

(4.1.4) /o° = fl 

(4.1.5) /(} = -/° 

Proof. Equations (4.1.2) and (4.1.3) follow from equation i^ 
equation [6]-(3.1.17) we get relationships 

(4.1.6) /° = f'-'-Bc-loBc-lr = f^'-Bc^ooBct + f^"^ Bc.\oBc t - 

(4.1.7) fl = f^^Bc.loBc-lr = f°'-Bc°ooBc-L + f^"- Bc-loBc-lr = 

(4.1.8) = f'-^Bc.l,Bc.lr = f"'-Bc.l,Bc.t + f'"- Bc-I^Bc-t = 

(4.1.9) fl = f^Bcl^Bc-lr = f°'-Bc.l,Bc.l + f^^ Bc-^^Bc-l, - 

(4.1.4) follows from equations (4.1.6) and (4.1.9). (4.1.5) follows from equations 
(4.1.7) and (4.1.8). □ 
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4.2. Quaternion Algebra 

In this paper I explore the set of quaternion algebras defined in [13]. 

Definition 4.2.1. Let F be field. Extension field F{i,j,k) is called the quater- 
nion algebra E{F,a,b) over the field F'^'^ if multiplication in algebra E is 
defined according to rule 





i 


3 


k 


i 


a 


k 


aj 


3 


-k 


b 


-hi 


k 




hi 


~ab 



(4.2.1) 



where a, b & F , ab ^ 0. 

Elements of the algebra E{F, a, b) have form 

X = x'^ + x^i + x^j + x^k 

where G F, i = 0, 1, 2, 3. Quaternion 

— 1 • 2 • Si 

X = X — XI — xj— xk 

is called conjugate to the quaternion x. We define the norm of the quaternion 

X using equation 

(4.2.2) =xx = {x°f - a{x^f - b{x'^f + ab{xy 

From equation (4.2.2), it follows that E{F, a, b) is algebra with division only when 
a < 0, 6 < 0. In this case we can renorm basis such that a = —1, b = —1. 

We use symbol E(F) to denote the quaternion division algebra E(F, —1, — 1) 
over the field F . Multiplication in algebra E(F^ is defined according to rule 





i 


3 


k 


i 


-1 


k 


~3 


3 


-k 


-1 


i 


k 


3 


—i 


1 — ' 



(4.2.3) 



In algebra E(F), the norm of the quaternion has form 

(4.2.4) \xf ^xx^ (a;°)2 + {x' f + {x^f + {x^'f 
In this case inverse element has form 

(4.2.5) x-^ = \x\-^x 

We will use notation H ~ E{R, —1, —1). 

The inner automorphism of quaternion algebra i?"*'^ 

p qpq~^ 

(4.2.6) 

q{ix + jy + kz)q^^ — ix' + jy' + kz' 



□ 



^■^I follow definition from [13]. 
^■^See [15], p.643. 
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describes the rotation of the vector with coordinates x, y, z. The norm of quaternion 
q is irrelevant, although usually we assume |g| = 1. If g is written as sum of scalar 
and vector 

q = cos a + (ia + jb + kc) sin a + + (? = \ 
then (4.2.6) is a rotation of the vector (x, y, z) about the vector (a, 6, c) through an 
angle 2a. 

4.3. Linear Function of Quaternion Algebra 
Theorem 4.3.1. Let 

(4.3.1) eo = 1 ei = i 62 = j €3 = k 

be basis of quaternion algebra H . Then in the basis (4.3.1), structural constants 
have form 



Boo = 


1 


Bqi - 


1 


Bh = 


1 


BL = 


1 


Bio = 


1 


s?l = 


-1 


Bh = 


1 


Bh = 


-1 


B20 = 


1 


Bil = 


-1 


Bt, = 


-1 


Bh = 


1 


Bio = 


1 


^31 — 


1 


Bh- 


-1 


Bi:,^ 


-1 



Proof. Value of structural constants follows from multiplication table (4.2.3). 

□ 

Since calculations in this section get a lot of space, I put in one place references 
to theorems in this section. 

Theorem 4.3.2: the definition of coordinates of linear mapping of quater- 
nion algebra H using standard components of this mapping. 

Equation (4.3.22): matrix form of dependence of coordinates of linear map- 
ping of quaternion algebra H from standard components of this mapping. 

Equation (4.3.23): matrix form of dependence of standard components of 
linear mapping of quaternion algebra H from coordinates of this mapping. 

Theorem 4.3.4: dependence standard components of linear mapping of 
quaternion algebra H from coordinates of this mapping. 

Theorem 4.3.2. Standard components of linear function of quaternion algebra H 
relative to basis (4.3.1) and coordinates of corresponding linear map satisfy rela- 
tionship 



(4.3.2) 



( fO 

Jo 


=/°° 




_f22 


_fSS 


fl 


=/°° 




^f22 




{ 

fi 


=/°° 


+ f'' 


_f22 






=f°° 


+ f'' 


^p2 





(4.3.3) 



' f^ 


= f°' 


+f'° 


+f'' 


_p2 


f? 


=-/°^ 


_flO 


^f23 


_p2 


< 

fi 




+f'° 


_f23 


_f32 


. fi 


= 


_flO 


_f2S 


_f32 
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4. Division Algebra 



(4.3.4) 





= 


-f' 






f! 

< 


= 


-f' 


_po 


-P' 




=-r 


-f' 


_f20 


+ P' 


. /s 


=-r 




+ P° 


-P' 


' fi 


= 




-P' 


+ P° 


f? 


=-f°' 


-f' 


-P' 


+ P° 


< 


= r 




-P' 


-P° 


K J 3 


=-r 


^fl2 


-P' 


-P° 



(4.3.9) 



(4.3.10) 



(4.3.11) 



(4.3.12) 



^13 



' J -020^20 



3^ 

pr 



fOa nO r)3 , f 12 ol n 
J ^^00-003 + / 



3 

12 



J-21 n2 O- 
J -C>20^21 



= P'+P^-P'+P° 

£0 £kr tdP dO 

Jl- J ^kl^pr 

_ f 01 ol dO I J-10 dO dO 

- 7 ^01-Dll + / -DII-DOO 

^_^01_ ^10 + ^23.^32 

rl £kr jdP dI 

_ f 00 Rl pi , ^llnO rtl 

- J ^01^10 + / -C>lli>01 

fOO rll , ^22 i.j33 



f33 r3 oO 
7 ^30-°33 



(4.3.5) 



Proof. Using equation (3.7.11) we get relationships 

J-O. fkr tdP tdO 
Jo- J ^kO^pr 

(4.3.6) = P°B°oBqo + P^BIqB°^ + P'^B2oB°2 

^^00_^ll__^22__^33 

/!= P^B^^,B^^ 

(4-3.7) = P^BqqBqi + P°BIqBIq + /^^i?|o^23 + f^^B^o^h. 

= P'+P" + P^-P^ 

f2_ fkr DP r>2 
Jo — J ^kO^pr 

(4.3.8) =p^B^^^Bl^+p^B\^B 
= P^-P'' + P" + P' 

/o= P-Bl,B 



f31 r>3 T02 
7 ^30^31 



J-30 o3 r3 
J ^30^30 



f 23 d3 oO , j-32 n2 dO 
7 ^21^33 + 7 -D3I-D22 



f 22 n3 Dl , ^33 o2 Dl 
7 ^21^32 + 7 ^^31^23 



fcl pr- 

_ f 03 Rl r2 , f 12 rO o2 

— 7 ^oi-Di3 + 7 -D11-D02 

^_^03__^12_^21+_^30 



f 21 p3 d2 
■ 7 ^21-C>31 



j;30 ra2 d2 
7 iJ3ii320 
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(4.3.13) = f^Bl.Bl^ + f^^Bl.Bl^ + P^B^^Bl, + f^Bi^B^, 

(4.3.14) = f^Bl^Bl^ + p^Bi.Bi, + P°B°,,B°,, + P'B^^B", 

£l £kr tdP dI 

12- J ^k2^pr 

(4-3-15) = /°^i3o2^23 + /^^-Sl2-S32 + /^^^22-Boi + f^^B^^Blo 

f2_ fkr tdP td2 
12- J ^k2^pr 

(4.3.16) = /oosg^^lo + P'Bf.Bi, + P^B^^Bi^ + P^B^.^Bf, 

= P" + /" - P^ + P^ 

f3_ fkr TOP r>3 
J2- J ^k2^pr 

(A 'i^7\ — f01r>2 p3 , J-10 r>3 o3 , f 23 pO r3 , f32 ol r)3 

l^-i-i'j —J ±Jo2^21 + / -D12-D3O + / ^22^03 + 7 ^32^12 

= -P'+P''-P'-P^ 

p= P^Bl,Bl, 

//I qio\ _ f 03 d3 pO , fl2T>2 oO , J-21 pi pO , f 30 pO pO 

(4.d.iSj -/ i>03^33 + / J=>13J=^22+J ^23^11+7 -^^33^00 

^_^03 + ^12_^21__^30 

fi= P^Bl^Bl, 

(4-3.19) = P'^Bq^BI^ + P^B^r^Bl^ + P^BI^B\q + /^^-BaaSoi 

^_^02_^13 + ^20_^31 

("/I Q ^n^ — ^Ol p3 p2 i fW r2 r2 i i-23 pi p2 1 j-32 pO p2 

l^.O.^Uj — / i3o3^31 + 7 -D13-O2O + 7 ^23^13 + 7 -033^02 

^^01_^10_^23_^32 

f3_ j-fer pP p3 
73-7 ^k3^pr 

/-/( q 01 ^ _ J?00 p3 p3 , fll r2 r3 , i-22 pi p3 , i-33 pO p3 

l^-O-^ij — 7 i>03^30 + 7 ^^13-021 + 7 ^23^12 + 7 -033^03 

Equations (4.3.6), (4.3.11), (4.3.16), (4.3.21) form the system of linear equa- 
tions (4.3.2). 
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4. Division Algebra 



Equations 
tions (4.3.3). 

Equations 
tions (4.3.4). 

Equations 
tions (4.3.5). 



(4.3.7) , (4.3.10), (4.3.17), (4.3.20) form the system of linear equa- 

(4.3.8) , (4.3.13), (4.3.14), (4.3.19) form the system of hnear equa- 

(4.3.9) , (4.3.12), (4.3.15), (4.3.18) form the system of hnear equa- 

□ 



Theorem 4.3.3. Consider quaternion algebra H with the basis (4.3.1). Standard 
components of additive function over field F and coordinates of this function over 
field F satisfy relationship 

fi \ 

-fl 
fl 



(4.3.22) 
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/I 

\ /I 
1 



-fl 
-fl 
fl 



fl 
fl 
-fl 
-fl 
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-1 



-1 



(4.3.23) 



where 
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-1 1 
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1 


1 


1 


1 




1 


-1 


1 


^4 




1 


1 




1 
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1 


1 


1 - 


1 




-1 


-1 


-1 




-1 


1 




-1 


1 


1 






1 




1 


-1 


1 






1 




1 


1 


-1 I 





V f'' 



pi 


_p2 


-f 


po 




-f 


ps 


po 
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p2 




f 



12 
21 
30 



















f? 


/2° 


/3° \ 


1 




fi 


-fl 


fl 


-fl 


1 




fl 


-fl 


-fl 


fl 


1 ) 




\ fi 


fi 


-f! 


-fi J 



1 

-1 
-1 
V -1 



1 

-1 
1 
1 



1 
1 

-1 J 



Proof. Let us write the system of hnear equations (4.3.2) as product of ma- 
trices 



(4.3.24) 
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( /°° 


\ 
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J 
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Let us write the system of linear equations (4.3.3) as product of matrices 



(4.3.25) 
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From the equation (4.3.25), it follows that 



(4.3.26) 
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Let us write the system of linear equations (4.3.4) as product of matrices 



(4.3.27) 
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From the equation (4.3.27), it follows that 
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Let US write the system of linear equations (4.3.5) as product of matrices 



f / I 1-1 1 \ / \ 



(4.3.29) 



ft ^ -1 -1 
fi 1 -1 

V /aV V -1 1 
From the equation (4.3.29), it follows that 



-1 / 



p 
-p. 

V P J 



\ -1 

/I 

1 
1 



-1 
1 
1 

1 1 

1 -1 
-1 1 



1 \ / p-^^ \ 

p' 
p' 

V P" J 



1 / 



\ ( \ 

-p'' 
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V 1 -1 -1 -1 / V / 



(4.3.30) 



V 



/3° \ 

-P 
P 



( 1 
1 
1 

V 1 
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-P'' 
P' 
V P'' J 



We join equations (4.3.24), (4.3.26), (4.3.28), (4.3.30) into equation (4.3.22). □ 

Theorem 4.3.4. Standard components of linear function of quaternion algebra H 
relative to basis (4.3.1) and coordinates of corresponding linear map satisfy rela- 
tionship 

4/"=-/o°-/i^ + /l + /l 
~fo + /i ~ + /a 



(4.3.31) 



(4.3.32) 



(4.3.33) 



4/01 = 

4J32, 

I iP'- 

r 4/20= 
4/31 = 
4/02= 
I 4/13= 



/o + /i + fi fi 



fi + /o /s + fi 

~fi + /o + /s ~ 

fO fl f2 f3 
Jl Jo J3 J2 

/i + /o ~ /a ~ fi 
~ fi + /a + /o ~ /i 

/2 ~ /s + /o ~ fl 

~ fi ~ /a + /o + /i 

fO fl f2 f3 
J2 J3 JO Jl 



(4.3.34) 



4.4. Octonion Algebra 

^p'=-fi-f^-f?-fs 

^f'^=fi-fi-f? + fS 

I 4/°3=-/3°+/2^-/?+/o' 
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Proof. We get systems of linear equations (4.3.31), (4.3.32), (4.3.33), (4.3.34) 
as the product of matrices in equation (4.3.23). □ 

4.4. Octonion Algebra 
Definition 4.4.1. The algebra O is called octonion algebra if algebra has basis 
(^4^4 1^ eo = 1 ei = i 62 = j 63 = A; 

64 = —I 65 = il 66 = jl 67 = kl 

and multiplication in algebra O is defined according to rule 



(4.4.2) 
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□ 



52 
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Theorem 4.4.2. Structural constants of octonion algebra O relative to basis (4.4.1) 
have form 
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Proof. Value of structural constants follows from multiplication table (4.4.2). 

□ 

4.5. Linear Function of Octonion Algebra 

Since calculations in this section get a lot of space, I put in one place references 
to theorems in this section. 

Theorem 4.5.1: the definition of coordinates of linear mapping of octonion 
algebra O using standard components of this mapping. 

Equation (4.5.73): matrix form of dependence of coordinates of linear map- 
ping of octonion algebra O from standard components of this mapping. 

Equation (4.5.74): matrix form of dependence of standard components of 
linear mapping of octonion algebra O from coordinates of this mapping. 

Theorem 4.5.3: dependence standard components of linear mapping of oc- 
tonion algebra O from coordinates of this mapping. 



4.5. Linear Function of Octonion Algebra 
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Theorem 4.5.1. Standard 
relative to basis (4.4.1) and 
tionship 

' /o° =r - 
fi =r - 



ft =r 

f7 ^fOO 



components of linear function of octonion algebra O 
coordinates of corresponding linear map satisfy rela- 
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(4.5.4) 



(4.5.5) 



(4.5.6) 
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+ /" 


+ P^ 


+ P' 


fl = 






^pe 


+ P' 


+ p° 


_pi 


_p2 


_p3 


fi = 


-r 




_pe 


+ P' 


+ p° 


_pi 


_p2 


_p3 


f? = 






^pe 


_p7 


+ p° 


_pi 


_p2 


_p3 


fo = 


y05 


+ /" 


— P"^ 


+ P^ 


— f^^ 


+ P° 


_ j63 


+ P^ 


ff - 
Jl — 


J 


f 14 
J 


, f27 


f36 
J 


j-41 
J 


, ^50 


' J 


f72 

J 


fl = 






-P' 


+ P' 


_pi 


_po 


_p3 


-P' 


fl = 






+ P' 


_pe 




^po 


_p3 


_p2 


n = 






_p7 


+ P' 


_pi 


_po 


_p3 


+ P^ 






+ /" 


_f27 


+ P' 


_pi 


_po 


_p3 


+ P^ 


fi = 




+ /" 


_f27 


_pe 


_pi 


_po 


_p3 


+ P^ 


f? = 






_p7 


_pe 








_p2 



.5.7) 
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of Octonion Alg 


cbra 






fs = 










_^42 


+ P' 




-P' 


fl = 


_fOe 


-p' 






+ P^ 


-P' 




-P' 


/! = 


-r 


-f' 


_^24 




-P' 


_f,3 


+p° 


+ P' 


/! = 


f06 


+f^' 


^J24 




_fi2 


-P' 


_feo 


-P' 


/! = 


f06 


+/'^ 


_ J24 


_f35 


_f42 


+ P' 


-p° 


-P' 


fi = 


_f06 




_ J24 


_f35 


+ P^ 


_f,3 


+ p° 


+ P' 


fE = 


_f06 


+f^' 


^J24 


_f35 


_^42 


+ P' 


-p° 


-P' 


f^ = 




-./'^ 




_f35 


_^42 


+ P' 


_ j-60 


-P' 


/J = 










-P' 


_p2 


+ P' 




f! = 






+ ^25 




_f43 


_f,2 


_fei 


_f70 


/! = 


-r 




__^25 




+ P' 


_ j:52 


_ J61 


+ P° 


fi = 


-r 


+r 




-P* 


-P' 


+ P^ 


_jei 




fi = 




_fie 






-P' 


_f,2 


+ P' 


_f70 


fi = 




_fie 




+ P* 


-P' 


_f,2 


+ P' 


-P° 


fi = 


-r 


_fie 




-P" 


+ P' 


+ P^ 


_fei 


+ P° 


f? = 


-r 


_fie 




+ P* 


-P' 


-P' 


+ P' 


-P° 
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Proof. Using equation (3.7.11) we get relationships 

fO_ fkr DP dO 
Jo — J ^kO^pr 

_ fOOnO nO , f 11 ol rO , f 22 n2 dO , ^33 r3 nO 
- / -DqO-DoO + / -Dio-Dll + / -020^22 + / ^30-D33 

, f 44 p4 rO , j;55 o5 oO , j-66 r6 rO , f 77 r7 rO 
+ / i^40-t>44 + / -D5O-D55 + J ^60^66 + J -"70^77 

_ jOO _ jll _ j22 _ j33 _ j44 _ y55 _ j66 _ j77 



.5.9) 



.5.10) 



f 23 r2 r1 , j-32 r3 r1 
/ ^20^23 + / -030^32 



fl fkr nP r1 

Jo — J ^kO^pr 

_ f 01 rO r1 I flORl r1 

— J ^00^01 "T J ^10^10 J ^20^23 J ^30^32 
I ^45 r4 rI I i-54 r5 r1 i ^67 r6 r1 i j76 r7 r1 

_ jOl _|_ ylO _|_ j23 _ ^32 _|_ ^45 _ j54 _ y67 _|_ j76 



f2_ fkr rP r2 
Jo- J ^kO^pr 



.5.11) 



f 20 r2 r2 I j-31 r3 r2 
10"13 J "20"20 "I" J ^30"31 



f 02 rO r2 , fl3Rl r2 
7 ^00^02 + / -DlO-D 

f46 r4 r2 I f57R5 r2 , j-64 r6 r2 , f 75 r7 r2 
/ -D4O-D46 + / ^50^57 + / -060^*64 + 7 ^70^75 



_^U2 _ _^13 + ^20 + _^31 + _^4e + _p4_f 
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4. Division Algebra 



f 03 dO r3 , fl2TDl r)3 



f 21 p2 dS , f 30 n3 d3 
/ ^20^21 + / -^^30^30 

/ -D40-D47 + 7 -050^^58 + / -D60-D65 + / ^70^74 
J03 _|_ Jl2 _ j21 _|_ j30 _|_ y^47 _ j56 _|_ j65 _ j;74 



f4 ^fcr TtP d4 

Jo — J ^kO^pr 

^04 dO p4 I f 15 ol o4 

— / ^00-D04 + / ^10^15 

I j40 r>4 t:>4 i f 51 oS d4 
+ / ■C>40-C>40 + / ^50^51 - 



^04 _ ^15 _ ^2b _ _^ 



f37 



f 26 r2 d4 , ^37 o3 d4 
/ ^20^26 + / ^30^37 

I ^-62 o6 T54 , j-73 d7 r4 
+ 7 -C>60-C>62 + / ^70^73 



_ f05r>0 r5 I fl4Rl r5 , f 27 r2 r5 , 
— / ^00^05 + / -D10-D14 + / ^20^27 + 

+ /^^BloSli + P°BloBlo + rBt^Bl^ + 
= r + /" - /^^ + - /^^ + - r 

£6 fkr tdP r6 

Jo — J ^kO^pr 

-30 r6 , fl7Rl r6 , f 24 r2 r6 
'OO-Ooe + / -D1O-D17 + / -020^24 



^36 r3 r5 
J ^30^36 

f'^^BjQBj2 



35 r3 r6 
-°30^35 



f 06 rO r6 , fl7Rl r6 , f 24 r2 r6 , J 
/ ^OO-Doe + / -D1O-D17 + / -020^24 + / 

f^^Bi^Bt^ + r^Bl,Bl, + rBM + nB',,Bl, 

- J06 _|_ yl7 _|_ y24 _ j35 _ j42 _|_ j53 _|_ y60 _ j71 



f 07 rO r7 , flGRl r7 , f 25 r2 r7 , ^34 r3 r7 
J ^00^07 + / -C>10-C>16 + / ^20^25 + / ^30^3' 



34 



^43 r4 r7 , f52 r5 r7 , i;61 r6 r7 , j-70 r7 r7 
/ -040-043 + / ^50^52 + / -D60-D61 + / ^70^70 



/ 



40-^43 
07 i-16 



-"50^52 
p25 I ^34 f43 



f61 



/ 
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fO j;kr rjP rO 

Jl — J -°fcl"pr 

_ f 01 Rl rO , ^IOrO rO , f 23 r3 rO , £32 r2 rO 

— / ^01^11 + / -Dll-DoO + / ^21^33 + / -031^22 

I £45 r5 rO I J54 r4 rO , J-67 r7 rO , f 76 r6 rO 
+ 7 -D4I-D55+/ ^51^44 + / -061^77+/ ^71^66 

= -/Ol - /lO + /23 _ /32 + ^45 _ ^54 _ ^67 + ^76 

£l £kr -DP r1 

Jl- J ^kl^pr 

_ fOO Rl Rl , £llRO Rl , f 22 r3 Rl , £33 r2 r1 

- J ^01^10 + / i^ll^Ol + / ^21^32 + / ^31^23 

I £44 r5 Rl I £55 r4 r1 i £66 r7 r1 i £77 r6 r1 

+ / -D41-D54 + / -D51-D45 + 7 -D61-D76+/ -D71-D67 

= r - /" + + p' + p' + p' + + p' 
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4. Division Algebra 



(4.5.26) 



(4.5.27) 



(4.5.28) 



(4.5.29) 



(4.5.30) 



(4.5.31) 



(4.5.32) 



ft- 



- / ^02-C>23 + / ^12^32 + / ^22^01 + / ^32^10 

f47 r)6 pi I f56 o7 pi , f65 p4 pi , j^74 p5 pi 

- / -D42-D67 + / -052^^76 + / ^^62-045 + / ^72^54 



£kr tdP r>2 
J ^fc2^pr 



f 00 p2 p2 , fllp3 p2 
/ ^02^20 + / -D12-D3I 



f 22 pO p2 , f33pl p2 
/ ^22^02 + / ^32^13 



^44 p6 p2 , fSS p7 p2 , f66 p4 p2 , j-77 p5 p2 
/ ■C>42-C>64 + / -C>52^75 + / ■C'62-C>46 + / ^72^57 



^00 + ^11 _ f22 + ^33 + _^44 + ^55 + / 



p77 



fi= f'-Bl.B:^ 



J-Ol p2 p3 , J-10p3 p3 , f 23 pO p3 
/ ^02^21 + / -D12-O3O + / ^22^03 



^_f01^flO_pS_fS2_j^S^p4^ 



f32pl p3 
/ -C>32^12 

r'Bi^Bi, 



£4: £kr tdP r)4 

J2- J Bf^^^pr 



_ f 06 p2 p4 , fl7p3 p4 , f 24 pO p4 , f35 pi p4 
— / ^02-026 + / -D12-D37 + / ^22^04 + / ^32^15 

+ f^'Bt^Bi^ + r^Bl.Bf, + rBi.Bj, + nBl,Bi, 
= -/°« - - + - P^ - P' + /™ + P^ 



k2 pr 



f 07 p2 p5 , f 16 p3 p5 
J ^02^27 + / -C>12-C>36 



f 25 pO p5 1 j-34 pi p5 
/ ^22^05 + / -C>32^14 



f43 p6 p5 1 f52 p7 p5 1 j;61 p4 p5 1 fTO p5 p5 
/ -D42-D63 + / -^52^72 + / -D62-D4I + / ^72^50 



-'42"63 
f07 I ^16 



-"52^72 
p25 f34 



p' + p^'-p^'-p^ + r-p'-r 



f61 



c70 



^•6 £hr pP p6 

J 2 — J -°fc2-°pr 

_ f 04 p2 p6 , fl5p3 p6 , f 26 pO p6 , ^37 pi p6 

— / ^02^24 + / -D12-D35 + / ^22^06 + / ^32^17 

, ^40 p6 p6 , j51 p7 p6 , ^62 p4 p6 , f 73 p5 p6 
+ / -D42-D60 + / ^52^71 + / -062^42 + / ^72^53 

= P^ - P" - - P' - P" + P' - P^ + P^ 

f7 fkr pP p7 

12- J B^^Bpr 

_ f 05 p2 p7 , fl4p3 p7 , f27p0 p7 , ^36 pi p7 

- / ^02^25 + / -C>12-C>34 + / ^22^07 + / -C>32^16 

I f 41 p6 p7 , f50 p7 p7 , ^63 p4 p7 , fT2 p5 p7 
+ / -D42-D6I + / ^52^70 + / i'62-D43 + / ^72^52 



^05 + _^14 _ ^27 + ^36 _ ^41 _ ^50 _ /63 _ ^ 



p72 
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4. Division Algebra 
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4. Division Algebra 
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4. Division Algebra 



(4.5.1 



f3_ fkr nP r3 

I f40 T53 r)3 I f51 r>2 r>3 , rjl rS , j^73 dO r3 

+ J -D47-D3O + / -D57-D2I + / -D67-D12 + / -077^03 

= + /15 + ^26 _ ^37 + ^40 _ ^51 _ ^62 _ ^73 



(4.5.69) 



£kr tdP r>4 
J ^k7^pr 

_ f 03 r7 r4 , f 12 r6 o4 
- / ^07-^73 + / -017-062 



^47 r>3 d4 I f 56 r>2 r>4 
J ^47^37 + / -C>57^2( 

^^03+^12_^21_^30__^47 



f 21 p5 r>4 1 j-30 r>4 p4 
/ -D27-D5I + / -D37-D4O 

^65 ol 7?4 I J^74 dO o4 
26 / -°67-°15 + / -°77-°04 



-'67-"15 
f56 I i-65 
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(4.5.70) 



_ f02r>7 r5 I fl3R6 r5 , f 20 r5 r5 
— 7 ^07^72 + / -D17-D63 + / ^27^50 



£31 r4 r5 
/ -C>37^41 



^ /02 _ /13 _ ^20 + _^31 + ^46 _ _^57 _ ^64 _ ^75 



(4.5.71) 



/7^ = 



/fcr tjP r>6 



_ f 01 r7 r6 , i-10 r6 r6 , f 23 r5 r6 , £32 r4 r6 
— / ^07-071 + / -D17-D6O + / ^27^53 + / ^37^42 

+ f^^Bf.Bi, + r^Bi.Bl, + rBl.Bl, + /^650^56^ 

_ — JOI -(- jlO _ J23 _|_ j32 _ y45 _|_ j54 _ ^-67 _ j76 



(4.5.72) 



f 00 r7 r7 , £11r6 r7 , f 22 r5 r7 , £33 r4 r7 
/ ^07^70 + / ^17^ei + / ^27^52 + / -C>37^43 



£44 r3 r7 I £55 r2 r7 , £66 r1 r7 , £77 rO r7 
/ -O47-D34 + / -^57^25 + / -D67-D16 + / ^77^07 



£33 



-■16 

£44 I £55 I £66 
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_^44 ^ _^55 + p 

Equations (4.5.9), (4.5.18), (4.5.27), (4.5.36), (4.5.45), (4.5.54), (4.5.63), (4.5.72) 
form the system of linear equations (4.5.1). 



Equations (4.5.10), 


(4.5.17), 


(4.5.28), 


(4.5.35), 


(4 


5.46), 


(4.5 


53), 


(4 


5.64), 


(4.5.71) form the system 


of Unear 


equations 


(4.5.2). 














Equations (4.5.11), 


(4.5.20), 


(4.5.25), 


(4.5.34), 


(4 


5.47), 


(4.5 


56), 


(4 


5.61), 


(4.5.70) form the system 


of Hnear 


equations 


(4.5.3). 














Equations (4.5.12), 


(4.5.19), 


(4.5.26), 


(4.5.33), 


(4 


5.48), 


(4.5 


55), 


(4 


5.62), 


(4.5.69) form the system 


of Hnear 


equations 


(4.5.4). 














Equations (4.5.13), 


(4.5.22), 


(4.5.31), 


(4.5.40), 


(4 


5.41), 


(4.5 


50), 


(4 


5.59), 


(4.5.68) form the system 


of Hnear 


equations 


(4.5.5). 














Equations (4.5.14), 


(4.5.21), 


(4.5.32), 


(4.5.39), 


(4 


5.42), 


(4.5 


49), 


(4 


5.60), 


(4.5.67) form the system 


of Hnear 


equations 


(4.5.6). 














Equations (4.5.15), 


(4.5.24), 


(4.5.29), 


(4.5.38), 


(4 


5.43), 


(4.5 


52), 


(4 


5.57), 


(4.5.66) form the system 


of Hnear 


equations 


(4.5.7). 














Equations (4.5.16), 


(4.5.23), 


(4.5.30), 


(4.5.37), 


(4 


5.44), 


(4.5 


51), 


(4 


5.58), 


(4.5.65) form the system 


of Hnear 


equations 


(4.5.8). 












□ 
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Theorem 4.5.2. Consider octonion algebra O with basis (4.4.1). Standard com- 
ponents of linear function and coordinates of this function satisfy relationship 

(4.5.73) A = FB 

(4.5.74) B = P-'^A 
where 



A 



1 /o° 


f? 


/2° 


/3° 


ft 


fl 


fl 


fl 


\ 


fl 


-f^ 


fl 


-fi 


fl 


-fl 


-fl 


fl 




/I 


-fl 


-fS 


f? 


fl 


fl 


-fi 


-fi 




/I 


fi 


-fi 


-fi 


fl 


-fi 


fi 


-fi 




ft 


-fi 


-fi 


-ff 


-fi 


ft 


/I 


fi 




fl 


f! 


-/I 


fl 


-/f 


-fl 


-fl 


fi 




fl 


fl 


/I 


-fl 


-/I 


fl 


-fl 


-f! 




\f'7 


-fl 


/J 


fl 


-fl 


-fl 


fl 


-fl 


J 



B = 



j22 

f"- 



F = 



_f01 

_ps 

( 1 
1 
1 
1 
1 
1 
1 

V 1 

/ 



_p2 
f7S 



12 



-1 
1 

-1 
1 
1 
1 
1 
1 

1 
-5 
1 
1 
1 
1 
1 
1 



^03 


_/04 _ 


_p5 


_pe 






p7 


\ 




p, _ 










pe 






pe 


p7 


_p4 






ps 




po 




_pe 


^35 






p4 




pv 


po 


pi 


^42 






ps 




pe 


_pi 


po 


_ j53 






p2 




ps 


_p2 


ps 


^60 






pi 




p4 


_/73 _ 


_p2 


f'' 






po 


J 


-1 


-1 -1 


-1 


1 \ 










1 


1 1 


1 


1 










1 


1 1 


1 


1 










-1 


1 1 


1 


1 










1 


-1 1 


1 


1 










1 


1 -1 


1 


1 










1 


1 1 


-1 


1 










1 


1 1 


1 


-1 ) 










1 


1 1 


1 


1 


1 \ 






1 


1 1 


1 


1 


1 








-5 


1 1 


1 


1 


1 








1 


-5 1 


1 


1 


1 








1 


1 -5 


1 


1 


1 








1 


1 1 


-5 


1 


1 








1 


1 1 


1 


-5 


1 








1 


1 1 


1 


1 - 


5 


/ 
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4. Division Algebra 



Proof. Let us write the system of linear equations (4.5.1) as product of ma- 
trices 





( fr 


\ 


/ 1 


-1 


-1 


-1 


1 


-1 


-1 


-1 \ 








fl 




1 


-1 


1 


1 


1 


1 


1 


1 








/I 




1 


1 


-1 


1 


1 
1 


1 


1 


1 






(4.5.75) 


fi 
ft 




1 
1 


1 
1 


1 
1 


-1 
1 


1 

— 1 


1 
1 


1 
1 


1 
1 








fl 




1 


1 


1 


1 


1 
1 


-1 


1 


1 








fl 




1 


1 


1 


1 


4 


1 


-1 


1 








\ f^ > 


1 


I 1 


1 


1 


1 


1 


1 


1 


-1 / 






Let us write the system 


of hnear equations (4 


5.2) 


as product of matrices 




( 




/ 




1 


1 


-1 


1 


-1 


-1 


1 ^ 




( \ 




/? 




-1 


-1 


1 


-1 


1 


-1 


-1 


1 




flO 




/I 




-1 


1 


-1 


-1 


-1 


1 


1 


-1 




ps 


(4.5.76) 


fi 
f! 




1 

-1 


-1 
1 


-1 
-1 


-1 
1 


1 

-1 


-1 
-1 


-1 
1 


1 

-1 




^45 




fi 




1 


-1 


1 


-1 


-1 


-1 


-1 


1 




^54 




/J 




1 


-1 


1 


-1 


1 


-1 


-1 


-1 








\f^ J 




\ 


-1 


1 


-1 


1 


-1 


1 


-1 


-1 y 







From the equation (4.5.76), it follows that 

/ -f^ \ 
f? 



fi 
-fi 

fl 
-fi 
-fl 

6 



V f^ J 



( 




1 




1 




1 




1 




1 




1 




1 




1 \ 




( f°' 


\ 






1 




1 




1 




1 




1 




1 




1 




1 




po 








1 




1 




1 




1 




1 




1 




1 




1 












1 




1 




1 




1 




1 




1 




1 




1 












1 




1 




1 




1 




1 




1 




1 




1 




pr. 








1 




1 




1 




1 




1 




1 




1 




1 




p4 








1 




1 




1 




1 




1 




1 




1 




1 








V 




1 




1 




1 




1 




1 




1 




1 




1 


1 






J 


/ 


1 




-1 




1 




1 




1 




1 




1 




1 


\ 




( 


_pi 






1 




-1 




-1 




-1 




-1 




-1 




-1 




-1 






flO 






1 




1 




1 




-1 




1 




1 




1 




1 






_p3 






1 




1 




-1 




1 




1 




1 




1 




1 






p2 






1 




1 




1 




1 




1 




-1 




1 




1 






_^45 






1 




1 




1 




1 




-1 




1 




1 




1 






jr,4 






1 




1 




1 




1 




1 




1 




1 




-1 






pr 




V 


1 




1 




1 




1 




1 




1 




-1 




1 


) 




V 


_pe 


J 
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(4.5.77) 



/ 


f? 


\ 














-fi 








fi 








-fi 








f! 








f^ 






V 


-fl 


) 





/ 1 -1 -1 -1 -1 -1 -1 -1 \ 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



jlO 
„^45 



Let us write the system of linear equations (4.5 

( fi\ / 1 -1 1 1 



(4.5.78) 



fl 
fi 
fl 

f! 
fl 
fi 
V /I J 



1 -1 / 

3) as product of matrices 
1 1 -1 -1 \ / f'- \ 



-1 -1 
-1 1 



1 -1 
1 -1 



-1 
1 
1 



1 



-1 -1 
-1 -1 



1 -1 
1 



1 



-1 
-1 
1 

-1 -1 1 
-1 1 -1 
1 -1 -1 
-1 -1 -1 / 



1 
1 

-1 



From the equation (4.5.78), it foUows that 



/ 








( 1 


1 


-1 


-1 


-1 


-1 


1 


1 \ 




(f''\ 






-fi 






-1 


1 


1 


1 


-1 


-1 


1 


1 










fi 






-1 


-1 


-1 


1 


1 


1 


-1 


-1 










fi 






-1 


-1 


1 


-1 


-1 


-1 


1 


1 




f" 






ft 






-1 


1 


1 


-1 


-1 


-1 


-1 


1 




pe 






fl 






-1 


1 


1 


-1 


-1 


-1 


1 


-1 










-fi 






-1 


1 


1 


-1 


1 


-1 


1 


1 
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V 


-/I 


) 






1 


1 


-1 


-1 


1 


1 


1 ) 




[f'V 












/ 1 


1 - 


-1 


1 


1 


1 


1 


1 \ 


/ 




\ 



1 



1 1-1 



1 -1 -1 -1 
1 1 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 

-1 
1 



1 



1 



1 



-1 -1 -1 

1 1 1 

-1 1 

1 -1 
1 
1 



1 



1 / 



f'' 

j64 

V J 
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4. Division Algebra 



(4.5.79) 





/2° 








fi 
















-fi 








-fi 








-f^ 








ft 






V 


fl 


) 





/ 1 -1 -1 -1 - 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



-1 
1 
1 
1 
1 

-1 
1 
1 



-1 -1 \ 



1 -1 / 



_f46 



Let us write the system of linear equations (4.5.4) as product of matrices 



(4.5.80) 









( 1 


1 


-1 


1 


1 


-1 


1 


-1 


\ 




\ 


fl 






-1 


-1 


-1 


1 


-1 


1 


-1 


1 








fi 






1 


-1 


-1 


-1 


1 


-1 


1 


-1 




f^' 




fi 






-1 


1 


-1 


-1 


1 


-1 


1 


-1 








fl 






-1 


-1 


1 


1 


-1 


1 


-1 


-1 




f^' 




fl 






1 


1 


-1 


-1 


1 


-1 


-1 


-1 




pe 




fi 






-1 


-1 


1 


1 


-1 


-1 


-1 


1 








\f.' 


J 






1 


-1 


-1 


-1 


-1 


1 


-1 


/ 




J 



From the equation (4.5.80), it foUows that 



/ 


-fi 






( 1 


-1 


1 


-1 


-1 


1 


-1 


1 


\ 


/ 


\ 




fl 






-1 


-1 


-1 


1 


-1 


1 


-1 


1 










-fl 






-1 


1 


1 


1 


-1 


1 


-1 


1 










fi 






-1 


1 


-1 


-1 


1 


-1 


1 


-1 










fl 






-1 


-1 


1 


1 


-1 


1 


-1 


-1 










-ft 






-1 


-1 


1 


1 


-1 


1 


1 


1 




p6 






fi 






-1 


-1 


1 


1 


-1 


-1 


-1 


1 
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v 


-f^ 


) 




I -1 


-1 


1 


1 


1 


1 


-1 


1 


/ 


V 


/ 





1 


1 


1 


-1 


1 


1 


1 


1 






( -f"' 


\ 




1 


1 


-1 


1 


1 


1 


1 


1 












1 


-1 


1 


1 


1 


1 


1 


1 












1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 






po 






1 


1 


1 


1 


1 


1 


1 


-1 












1 


1 


1 


1 


1 


1 


-1 


1 






pe 






1 


1 


1 


1 


1 


-1 


1 


1 






_y6B 




V 


1 


1 


1 


1 


-1 


1 


1 


1 


) 






/ 
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(4.5.81) 



-n 
n 

/I 



-ft 



/ 1 -1 -1 -1 -1 -1 -1 -1 \ 



V fl J 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



1 -1 / 



~p' 

p'' 

-p" 

V P' ) 



Let us write the system of linear equations (4.5.5) as product of matrices 



(4.5.82) 









( 1 


-1 


-1 


-1 


1 


1 


1 


1 \ 




( P' 


\ 


P 






1 


-1 


-1 


-1 


-1 


-1 


1 


1 




P" 




fl 






1 


-1 


-1 


-1 


-1 


1 


-1 


1 




pe 




fl 






1 


-1 


-1 


-1 


-1 


1 


1 


-1 




P' 




PI 






-1 


-1 


-1 


-1 


-1 


1 


1 


1 




po 




fl 






-1 


-1 


1 


1 


1 


-1 


-1 


-1 




pi 




fl 






-1 


1 


-1 


1 


1 


-1 


-1 


-1 




p2 




V/l 


) 




I -1 


1 


1 


-1 


1 


-1 


-1 


-1 ) 




[P' 


J 



From the equation (4.5.82), it foUows that 



/ 






( 


-1 


1 


1 


1 


-1 


-1 


-1 


-1 


\ 




( P^ 


\ 




-/f 






-1 


1 


1 


1 


1 


1 


-1 


-1 




pr. 






-/I 






-1 


1 


1 


1 


1 


-1 


1 


-1 




pe 






-Ps 






-1 


1 


1 


1 


1 


-1 


-1 


1 




P' 






f2 






-1 


-1 


-1 


-1 


-1 


1 


1 


1 




/"' 






fi 






-1 


-1 


1 


1 


1 


-1 


-1 


-1 




pi 






fi 






-1 


1 


-1 


1 


1 


-1 


-1 


-1 




p2 




V 


fN 




\ 


-1 


1 


1 


-1 


1 


-1 


-1 


-1 


1 




[ P-' 


) 








/ 


1 


1 


1 


1 


-1 


1 


1 


1 \ 




( 














1 


1 


1 


1 


1 


-1 


1 


1 




P" 












1 


1 


1 


1 


1 


1 


-1 


1 




pe 












1 


1 


1 


1 


1 


1 


1 


-1 




P' 












1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 




po 












1 


-1 


1 


1 


1 


1 


1 


1 




_pi 












1 


1 


-1 


1 


1 


1 


1 


1 




_p2 










\ 


1 


1 


1 


-1 


1 


1 


1 


1 ) 




\ 


_p. 


J 
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4. Division Algebra 



(4.5.83) 



(f2\ 




fi 




fi 




fl 








-n 




-/I 




\-fl) 





/ 1 -1 -1 -1 -1 -1 -1 -1 \ 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



1 -1 / 



\-fV 



Let us write the system of linear equations (4.5 
/ /o \ / 1 1-1 1 



(4.5.. 



ft 
/J 
/I 
fl 
fi 

fi 
V f? J 



6) as product of matrices 
1 1-1 1 \ / \ 



-1 -1 
1 

-1 



-1 -1 
1 -1 



1 -1 
1 



1 - 



V 



1 -1 -1 
-1 -1 -1 



1 -1 

-1 -1 

-1 -1 

-1 -1 

1 1 



-1 / 



pr 
pe 

f*' 
po 

ps 
V J 



From the equation (4.5.84), it foUows that 

ft 
-fl 
ft 
-fl 
fl 
-fl 
\ f? J 



( 




1 




1 




1 




1 




1 




1 




1 




1 \ 




( f°' 


\ 






1 




1 




1 




1 




1 




1 




1 




1 




p4 








1 




1 




1 




1 




1 




1 




1 




1 












1 




1 




1 




1 




1 




1 




1 




1 




p6 








1 




1 




1 




1 




1 




1 




1 




1 




/" 








1 




1 




1 




1 




1 




1 




1 




1 












1 




1 




1 




1 




1 




1 




1 




1 




p3 




V 




1 




1 




1 




1 




1 




1 




1 




1 


) 






) 


/ 


1 




1 




1 




1 




1 




-1 




1 




1 


\ 




( 








1 




1 




1 




1 




-1 




1 




1 




1 






_p4 






1 




1 




1 




1 




1 




1 




1 




-1 












1 




1 




1 




1 




1 




1 




-1 




1 






_ps 






1 




-1 




1 




1 




1 




1 




1 




1 






pi 






1 




-1 




-1 




-1 




-1 




-1 




-1 




-1 






po 






1 




1 




1 




-1 




1 




1 




1 




1 






ps 




V 


1 




1 




-1 




1 




1 




1 




1 




1 


) 






_p2 


J 
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(4.5.85) 



/ 




\ 






-n 
















-fi 








ft 








-IE 








fl 






V 


-fl 


) 





/ 1 -1 -1 -1 -1 -1 -1 -1 \ 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



pr 

P' 



Let us write the system of linear equations (4.5 
( / 1 1 1-1 



.5.86) 



fl 
/I 
/I 
fl 

fi 



15 

V /7 J 

From the equation (4.5.86), it foUows that 



1 -1 / 
7) as product of matrices 

1 1 1 -1 \ / \ 



-1 -1 1 

-1 -1 1 

1 1 -1 

1 -1 -1 



-1 -1 -1 -1 



-1 
1 



1 -1 
1 -1 



-1 -1 -1 
1 

-1 

1 -1 -1 
1 -1 -1 / 



-1 -1 
1 1 



f" 
f^' 

f35 

ps 



/ 


-fS 






( 1 


-1 


-1 


1 


1 


-1 


-1 


1 


\ 


/ ^06 


\ 




fl 






-1 


-1 


-1 


1 


1 


-1 


1 


-1 




P' 






f^ 






-1 


-1 


-1 


1 


-1 


-1 


1 


1 










-fi 






-1 


-1 


-1 


1 


1 


1 


1 


1 










-fi 






-1 


-1 


1 


1 


1 


-1 


1 


1 




P' 






fi 






-1 


-1 


-1 


-1 


1 


-1 


1 


1 










fS 






-1 


1 


1 


-1 


-1 


1 


-1 


-1 




po 




V 


-f^ 


J 




I -1 


1 


-1 


1 


1 


-1 


1 


1 


/ 




J 



f 


1 


1 


1 


1 


1 


1 


-1 


1 


\ 




( -/°' 


\ 




1 


1 


1 


1 


1 


1 


1 


-1 












1 


1 


1 


1 


-1 


1 


1 


1 






_p4 






1 


1 


1 


1 


1 


-1 


1 


1 






pr. 






1 


1 


-1 


1 


1 


1 


1 


1 






p2 






1 


1 


1 


-1 


1 


1 


1 


1 






_ps 






1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 






pjO 




V 


1 


-1 


1 


1 


1 


1 


1 


1 


) 




\ f"' 


J 
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4. Division Algebra 



(4.5.87) 



/ 




\ 














-fl 








fi 








fi 








-fl 








-fS 






V 


fl 


) 





/ 1 -1 -1 -1 -1 -1 -1 -1 \ 



1 -1 
1 1 



V 1 



1 

-1 
1 
1 
1 
1 
1 



1 -1 / 



Let us write the system of linear equations (4.5.8) as product of matrices 



(4.5.. 



1 fl 






( 1 


-1 


1 


1 


-1 


-1 


1 


1 \ 




( 


\ 


ft 






1 


-1 


1 


1 


-1 


-1 


-1 


-1 








fl 






-1 


1 


-1 


-1 


1 


-1 


-1 


1 








fi 






-1 


1 


-1 


-1 


-1 


1 


-1 


1 




p4 




f! 






1 


-1 


1 


-1 


-1 


-1 


1 


-1 




f^' 




fi 






1 


-1 


-1 


1 


-1 


-1 


1 


-1 








fi 






-1 


-1 


-1 


-1 


1 


1 


-1 


1 








\f? 


J 




I -1 


-1 


1 


1 


-1 


-1 


1 


-1 ) 






J 



From the equation (4.5.88), it foUows that 



/ 


-f6 






( 1 


1 


-1 


-1 


1 


1 


-1 


-1 


\ 




\ 




-ff 






-1 


1 


-1 


-1 


1 


1 


1 


1 










fl 






-1 


1 


-1 


-1 


1 


-1 


-1 


1 










fi 






-1 


1 


-1 


-1 


-1 


1 


-1 


1 




f'^ 






-fl 






-1 


1 


-1 


1 


1 


1 


-1 


1 




f4S 






-fi 






-1 


1 


1 


-1 


1 


1 


-1 


1 










fl 






-1 


-1 


-1 


-1 


1 


1 


-1 


1 








v 


f? 


J 




I -1 


-1 


1 


1 


-1 


-1 


1 


-1 


/ 


[ 


/ 





1 


1 


1 


1 


1 


1 


1 


-1 


\ 




( -f"' 






1 


1 


1 


1 


1 


1 


-1 


1 






fie 






1 


1 


1 


1 


1 


-1 


1 


1 






_ j25 






1 


1 


1 


1 


-1 


1 


1 


1 






_p4 






1 


1 


1 


-1 


1 


1 


1 


1 






f4S 






1 


1 


-1 


1 


1 


1 


1 


1 






f52 






1 


-1 


1 


1 


1 


1 


1 


1 










V 


1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


) 






J 
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(4.5.89) 



/ 


f? 


\ 




( 


1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 






( 


\ 




fi 








1 


-1 


1 


1 


1 


1 


1 


1 












-fi 








1 


1 


-1 


1 


1 


1 


1 


1 






-r- 






-fi 








1 


1 


1 


-1 


1 


1 


1 


1 












fi 








1 


1 


1 


1 


-1 


1 


1 


1 












fi 








1 


1 


1 


1 


1 


-1 


1 


1 






/52 






-f! 








1 


1 


1 


1 


1 


1 


-1 


1 










V 


-fl 


) 




[ 


1 


1 


1 


1 


1 


1 


1 


-1 


) 






/ 



We join equations (4.5.75), (4.5.77), (4.5.79), (4.5.81), (4.5.83), (4.5.85), (4.5.87), 
(4.5.89) into equation (4.5.73). □ 

Theorem 4.5.3. Standard components of linear function of octonion algebra O 
relative to basis (4.4.1) and coordinates of corresponding linear map satisfy rela- 
tionship 



(4.5.90) 



12/00 

12/" 
12/22 
12/33 
12/44 

12/55 
12/66 

12/^^ 



5/o°+ fh 
-/o°-5A^- 
-/o°+ /i- 
-/o°+ /i- 
-/o°+ f^- 
-/o°+ /i- 
-/o°+ f^- 
-/o°+ fh 



/I- 
/I- 



-5f? 



13 
fl- 

2-r fi- 

2 c f 3 



/!+ ft 
ft- 
ft- 



fl-5fi+ ft- 



fh 
fi- 
/I- 
/I- 



fi+ f^ 



13 

fi- 
fi- 



4 

ft- 
ft- 



- ft 

- fl- 

- fl- 

- fl- 

- fi- 
-5ft 



fl- 
fl- 
fl- 
fl- 
fl- 

6 



/I-5/I- 

/!+ ft- 



- fJ 

- f^ 

- f? 

- f? 

- 

- f? 

- f'r 
-5/r^ 



(4.5.91) 



(4.5.92) 



-12/01 


= 5/?- 


f^- 


/!+ fi- 


fi+ 


fh 


h fl- 




12/10 


=-/i°+5/c}- 


fi+ fi- 


fi^ 


fh 


h f^- 


fl 


-12/23 


=-/?- 


f^+5fi+ fi- 


fi^ 


fh 


h fl- 


fl 


12/32 


— /?- 


f^- 


fi-5fi- 


fi^ 


fh 


h /I- 


fl 


-12/*-^ 


=-/?- 


f^- 


fi+ fi+5fi^ 




H f^- 


fl 


12/'^i 




f^- 


fi+ /I- 


fi- 


5/1+ f^- 


fl 


12/*^^ 


=-/i°- 


f^- 


fi+ /I- 


fi^ 


fl- 


-5f?- 


fl 


-12/"'^ 


— /?- 


f^- 


/!+ fi- 


fi+ 


fh 


h /1+5/J 


-12/02 


= 5/2°+ 


fi- 


fo— fl — 


fl- 


fh 


h /1 4 


fl 


12/13 


=-/2°- 


5fi- 


fo— fl — 


fi- 


fh 


h /1 4 


fl 


12/20 


=-/2°+ 


fH5fS- ff- 


fi- 


fH /!+ 


fl 


-12/31 


= -/2° + 


f^- 


fS+5f!- 


fi- 


fh 


h /|4 


fl 


-12/^" 


= -/2° + 


/l- 


fS- f!+5fi- 


fh 


h /|4 


fl 


-12/" 


= -/2° + 


fi- 


fo— fi— 


/6^+5/7'H 


h /|4 


fl 


12/64 


= -/2° + 


fi- 


fo— fi— 


fi- 


fh 


-5/|4 


fl 


12/"^ 


= -/2° + 


fi- 


fo— fi— 


fi- 


fh 


h /I- 


5fl 



4. Division Algebra 



12/03 = 5/°- /!+ fi- f§- /I- /!+ a 

--/3°+5/i+ f?- fs- fi- fi+ a 

12/^1 =-/3°- /1-5/f- fi- fH fi- fl+ fl 

12/30 ^_^o_ ji^ ff+5f§- /4+ fl- /!+ /X 

12f^'' — /3°- /!+ /f- /o'+5/7^+ fl- /!+ /I 

12/^e ^„^0_ fl^ f2_ f3_ f^_5fl_ /6+ fl 

12/65 ^-/o- /K /f- fS- /4+ /I+5/I+ /X 

12/^^ =-/0- /!+ /f- /o^- /I- /1-5/X 

12/0^ = 5/°+ /5^+ /!+ f^- f^- f!- fi- /J 

12/" =_/0-5/l+ /!+ /3- /4_ /5_ /6_ ^7 

12/2« =-/°+ f^-5fi+ /3- /4- /5_ /6_ f7 

12/37 ^_^o+ /I-5/3- /4- /f- /I- /J 

12/^0 =-/o+ /!+ /!+ /3+5/o4- /f- /I- /J 

12/-51 =-/o+ /!+ fi+ /I- /o^+5/f- /I- /J 

12/62 ^_^0+ ^1+ f2^ jS_ /5^5/6_ j7 

12/'3 ^_/0+ fl+ /2+ /3_ J4_ J5_ J6+5J7 

12/0-5 =5/0- ^1+ J4_ ^5+ J6_ J7 

12/14 ^_^0+5jl+ J2_ ^3+ ^5+ fl_ f7 

12/27 =-/0- /l_5/2_ ^3+ f,_ fS^ je_ J7 

12/36 ^_^0_ /2+5/3+ /4- /5+ /6_ J7 

12/4' ^_^0_ f2_ fS_5f4_ J6_ jr 

12/50 ^„/0_ fl^ f2_ f^+5fl+ fl- fl 

I2f^' =-/5°- /!+ /?- /!+ /i^- /o'-5/|- /J 

12/72 ^_/0_ /2_ /4_ /I +5/7 

12/06=5/0- /I- /!+ /3+ /4_ /35_ /6+ f7 

Uf'^ =_/0+5/l_ /2+ J4_ /5_ _^6+ /7 

12/^^ =-/6°- /7'+5/|+ /!+ /2^- fl- fl+ fl 

12/35 ^_/0_ fl_ /2_5_^3+ /4_ /5_ _^6+ jr 

12/42 ^_/0_ /I-5/4- /I- /6+ /J 

12/53 ^_fO_ fl_ f2^ fi + 5fl- fl+ fl 

12/60 ^_jo_ fi_ f2^ /4_ fl+5fe+ fl 

12/71 ^„/0_ fl_ f2^ fi+ff^- fl- f§-5fl 
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12/0^ = 


5/7°H 


" /e" /s" /I" 




f5 f6 f7 
J2 Jl Jo 


12/16 ^ 


-/7°- 


-S/e" fi~ ft' 




f5 f6 f7 
J2 Jl Jo 


12/25 ^ 


-/7°H 


- n+^fi- fi- 




f5 f6 f7 
J2 Jl Jo 


12/31 ^ 


-/7°H 


- fi- fi+^fi- 


\- fh 


f5 f6 f7 
J2 Jl Jo 


12/13 = 


-/7°H 


' fe~ /s" /f" 


-5/|H 


f5 f6 f7 
J2 Jl Jo 


12/52 ^ 


-/7°H 


' fl— /s" ft' 


h /I- 


-5/1- f!- 


12/61 ^ 


-/7°H 


' fl— fi- ff- 


\- fh 


- /1+5/f- /o^ 


12/''° 


-/7°H 


~ /e ~ /s ~ /4 " 


\- fU 


- /I- /f+5/J 



Proof. We get systems of linear equations (4.5.90), (4.5.91), (4.5.92), (4.5.93), 
(4.5.94), (4.5.95), (4.5.96), (4.5.97) as the product of matrices in equation (4.5.74). 

□ 

To find the hnear mapping corresponding to the operation of conjugation, I 
will assume 

(4.5.98) /o = 1 /I = /I = fi = fi = /I = /I = f^ = -1 
Substituting (4.5.98) in the system of equations (4.5.90), we get 

(4.5.99) /°° = /" = /^^ = /33 = /44 = ;55 ^ ^66 ^ ^77 ^ _ 1 

6 

Therefore, 

(4.5.100) z^~Uz + {iz)i + {jz)j + {kz)k + + ((jO^)(jO + m)z){kl)) 
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Ahhotali;h5I. /^jih npoHSBOJibHoii yHHBepcajitHofi ajire6pi>i, b KOTopofi onpe- 
^ejiena onepau,H5i cjio?KeHHH, h H3yM:aio 5hkojii>li,o MaTpHi; OTo6pa?KeHHH. CyM- 
Ma MaTpHu, onpe/i,ejieHa cyMMoii b ajire6pe, a npon3Be^eHHe MaTpHD, onpe^e- 
jieHO npoHSBefleHHeM OTo5pa»ceHHH. CncTeMa afl^HTHBHtix ypaBHeHHfi - sto 
cHCTeMa ypaBHeHHH, MaTpHii,a KOTopofi HBjiaeTCH MaxpHii^a oTo6pa^eHHH. Pac- 
CMOTpeHbi MeTOflbi pemeHHs CHCTeMti afl^^HTHBHbix ypaBHeHHH. B KanecTBe 
npHMepa npHBe^eno pemenHe CHCTeMBi jiHHeHHbix ypaBHennH na/; nojieM kom- 

HJieKCHblX MHCejl HpH yCJIOBHH, MTO ypaBHCHMH CO^ep^CaT HCHSBeCTHbie BejIH- 
HHHbl H BejIHH:HHbI, COHpH^KeHHbie HM. 

JlHHeHHbie OTo6pa»ceHH5i ajire6pbi na^ KOMMyTaTHBHbiM kojibi^om coxpa- 
HHiOT onepaii,Hio cjio^tenHsi b ajire6pe h yMHo:»<:eHHe sjieivieHTOB ajireSpti na 
sjieMeHTBi KOjibii,a. Mno^KecTBO jiHHeHHbix npeoSpasoBaHHH ajire6pi>i A no- 
po»cfleHO npe;:,CTaBJieHHeM TensopHoro npoHSBe^eHHH A b ajire6pe A. 

PesyjibTaTbi 3Toro HCCJie;i,OBaHHH 6y^T nojiesHbi ^jih MaxeiviaTHKOB h 4>h- 
3HKOB, KOTOpbie pa6oTaiOT c pasjiHMHbiMH ajire6paMH. 
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FjiaBa 1 

Ilpe^HCJioBHe 

1.1. IIpeflHCJIOBHe K H3/I,aHHK) 1 

Kor^a SL npHCTynHji k HanncaHHio stoh KHiirii, nepBOHanajibHaH sa^ana 6bijia 
;i,obojiijHO npocTofi. 51 co6Hpajicfl nepeniicaTB coflepjKHMoe KHiirH [5], Hcnojibsya: 
annapaT MaipHii; OTo6pa5KeHHii ([8]). 0;i,HaKO. mhc noKasajiocb CTpanHBiM orpanH- 
HiiBaTb ce6a paccMOTpeHHeM TCjia, Kor^a h noHHMaji, ^to mhofhc pesyjibTaTbi 6yflyT 
BepHbi fljiH accoLi;iiaTHBHOH ajire6pi>i, a hto-to coxpannTCH b cjiynae Heaccon,HaTHB- 
Hoii ajire6pbi. PesyjibTaTbi SToro HCCjieflOBaniiH 6yflyT nojiesHbi ^jih MaTeMaTHKOB 
H 4)H3iiKOB, KOTopbie pa6oTaiOT c pasjiH^HbiMH ajire6paMH, Heo6H3aTejibHO accoD;H- 

aTHBHblMH. 

Kor^a H sanHcaji CHCTCMy jiHHeiiHbix ypaBHCHHii, Hcnojibaya MaTpimbi OTo6pa- 

>KeHH{t, H nOHHJI, HTO B MOHX pyKaX OKaSajICH HHCTpyMCHT 60Jiee MOmHblH, HCM a 

BHanajie npeflnojiaraji. IIpH HsynenHH CHCTeM jiHHeiiHbix ypaBHeHiiii mbi paccMai- 
pHBaeM yMHOJKeHHe neHSBecTHOii BejiHHiiHbi, npiiHa/];jie>Kaineii KOjibiiy iijih bck- 
TopHOMy npocTpancTBy, na CKajisp h3 cooTBeTCTByiomero KOjibLi,a. 0;i,HaKO a Mory 
npeflnojiojKiiTb, ^ito HeHSBecTHaa; BejinHnna npHHa;i,jie}KaT neKOTopoii yHHBepcajib- 
Hoii ajire6pe, iiMCiomeH onepai^iiio cjiojKeHiia. Bmccto yMHOJKeHHH na CKajiap s 
paccMaTpHBaio HCKOTopoe OTo6pajKeHHe yHHBepcajibHoii ajire6pbi. TaK BOSHHKjia 
TeopHH a/mnTHBHbix ypaBHeHHH, KOTopaH BO MHoroM noxoaca na TCopHK) jiHHeii- 
Hbix ypaBHCHHii. 

B KanecTBe npiiMepa HpHMeneHiiH hobbix MeTOflOB HpHBe^eHO penieHne CHCTe- 

Mbl JIHHCHHblX ypaBHeilHII Hafl HOJieM KOMHJieKCHblX HHCejI npH yCJIOBHH, HTO ypaB- 
HeHHH coflepjKaT iieiiSBecTHbie BejiHHHHbi h BejiiiHHHbi, conpajKennbie iim. PenieHne 
ho^oShoh ciiCTeMbi ypaBHeHiiii noflpo6HO paccMOTpeno b npHMepe 2.5.5. Bes coMne- 

HHH, HOHblTKa peHIHTb CHCTCMy ypaBHCHHii (2.5.20), HOJIbSyHCb OnpCflejIHTCJICM, 

3a;i,aHa HcnpocTaa. 

Ilcpexoflfl K paccMOTpeHHK) ajire6p, h o6paTHji BHHManHC, hto oSmhho ajire6- 
py OHpcflCjiHiOT nafl hojicm. 3to bh^hmo HCo6xofliiMO, Tax xax ajirc6pa sbjihctch 

BCKTOpHblM npOCTpanCTBOM. OflHaKO C TOHKH 3pCHHH TCX HOCTpOCHHII, ^TO MCHS 
HHTCpCCyiOT, ;i;jIH MCHH HCCymCCTBCHHO SBJIHCTCS JIH ajirc6pa BCKTOpHbIM HpOCTpaH- 
CTBOM Hafl HOJICM HJIH CBo6o/I,HbIM MOflyjICM Hafl KOMMyTaTHBHbIM KOJIbII,OM. y6c- 

flHBniHCb, HTO cymccTBycT HCCjicflOBaHHC ajirc6p na;; KOjibiiOM, h pcniHji pa6oTaTb 
c ajire6paMH nafl KOMMyTaTHBHbiM KOjibii;o npii ycjiOBHii, hto b cjiyiae HCo6xoflH- 
MOCTH H 6y;i,y ocjiaSjiHTb TpeGoBaniiH. 

Ha ajirc6pc cymccTBycT flBC ajire6paHHecKHC CTpyKiypbi. Ecjih mm paccMai- 
pHBacM ajirc6py KaK KOjibii;o, to npn OTo6pa}KCHiiH oflHoii ajire6pbi b ;i,pyryio mm 
paccMaTpHBacM roMOMop4)ii3Mbi KOjibii,a. EcjiH MM paccMaTpHBacM aj[rc6py KaK 
Mopjjib Ha/i, KOjibH,OM, TO Hpii OTo6pa5KCHHH oflHOii ajirc6pbi B flpyryio mm paccMaT- 
pHBacM jiHHCiiHMC OTo6pa»:cHii5i. O^CBiiflHO, TITO ccjiH ajire6pa hmcct cflHHHn,y, to 
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1. IlpCflHCJIOBHe 



roMOMopcj3H3M ajire6pi>i HBjiJieTCH jiHHefiHbiM OTo6pa}KeHHeM. Mchh b ochobhom 
HHTepecyiOT jiiiHeftHbie OTo6pajKeHHa ajire6pM. 

C Toro MOMCHTa, KaK H paccMOTpeji TCHSopHoe npoHSBeflCHHe Teji (pa3/i,eji [5]- 
12.2), MCHH He ocTaBjiHjio omymcHiie, hto jiHHeiiHoe OTo6pa>KeHHe b lejie BbipajKCHO 

TeH30pOM BajieHTHOCTH 2. B TOJKe BpCMS SblJIO HenOHSTHO, KaKHM o6pa30M TeH3op 

BajieHTHOCTH 2 OHHCbiBaeT jiHHeiiHoe OTo6pajKeHHe, xoth ^jih onpeflejieniiH TeH3opa 
BajieHTHOCTH 2 MHe HyjKHO 6HjiHHeiiHoe OToGpajKCHHe. 

CTpyKTypa MO^yjiH jiHHeiiHbix OToGpajKenHfl C{A] A) OHpeflejiena neKOMMy- 
TaTHBHOCTBK) HpoHSBeflCHHH B ajire6pe A. KaK tojibko npoH3BefleHHe CTanoBHTca 
KOMMyTaTHBHbiM H Mory BMecTO Bbipa>KeHHH axh 3anHcaTb BbipajKenne ahx h h 
yBHacy TeH3op BajieHTHOCTH 1 TaM. rfle Bnanajie 6i>iji TeH3op BajienTHOCTii 2. 

Ajire6pa A® A - o^iewb HHTepecnas ajire6pa. OopMajibHO MHe cjie;];oBajio 6i>i 
HHcaTb A® A* , Tj\e A* - HpoTiiBOHOjiojKHas ajire6pa. 0/i,HaKO 3to hphbcjio Gbi k 
HeKOTopBiM npo6jieMaM b 3anHCH flencTBiiH 

(1.1.1) {a®b)ox — axb 

h6o CTanoBHTCH HeacHO c KaKoii CTopoHbi cjie^ycT HHcaTt h. OnpeflCjieHHe yMHO- 

JKCHHH 

{a®b)o{c®d) = (ac) ® (db) 
no3BOJia:eT coxpaHHTb 3aHHCb (1.1.1). HosTOMy h npe;i,HOHeji ocTaBHTb o6o3HaHeHHe 
A® A. 

EcjiH ajire6pa A HBjisieTCH CBoSo^Hoii kohchho MepHoii accou;iiaTHBHOH ajireS- 
poii, TO 6a3HC npe;i,CTaBjieHHH ajireSpbi A® A b MO^yjie C{A; A) KOHeiieH h ho3bo- 
jiHCT OHHcaTb Bce jTHHeftHBie OTo6pa>KeHHH ajire6pbi A. 

MapT, 2010 

1.2. IIpeflHCJioBHe k H3^aHHio 2 

BcKope Hocjie Toro xax h onyGjiHKOBaji H3flaHHe 1, h npowTaji MHenne Hpo4)ec- 
copa Bae3a ([10]) r^e oh paccyjK;i,aji na TeMy o pojiH 6jiora b cpe;;e MaTeMaTHKOB. B 

HacTHOCTii, Bae3 nopeKOMenflOBaji HOceTHTb caiiT http : //www . ncatlab . org/nlab/ show/Online+Resources. 

To HTO a: yBH^eji na STOii caiiT npeB3omjio moh 0JKH/i,aHHa. 

51 HpoBeji HeMajio BpeMenn, htoGbi hohhtij, KaKHe Hpo6jieMi>i b MaTCMaTHKC 
HHTepecyiOT jnofleii, co3flaBniHx 3Ty caiiT. 51 o6paTHji BHHMaHHe, hto b CTaTte 
HOCBHmeHHOH f2-rpyHHe paccMaTpHBaeTCH KOHCTpyKi];HH, HOflo6Haa KOHCTpyKn;HH, 
paccMOTpeHHoit y mchh b rjiaBe 2. 

TepMHH r2-rpynna cymecTsyeT tojibko na 3toh caiiT. Ha ccbijiKax, KOTopbie 
H HMBK), pent HflCT o rpynne c onepaTopaMH, hto cooTseTCTByeT Hpe^CTaBjieHHio 
17-ajire6pbi b rpynne (o6i>nHO 3aHHCi>iBaeM0H a/mnTHBHo). riosTOMy h peniHji ne 

MeHHTb TepMHHOJIOrHIO B 3T0II KHHre. OflHaKO H BepnyCb K 3T0H TCMC H03}Ke. 

McHH 3aHHTepecoBajia bo3mojkhocti> paccMaTpHsaTb HCKOMMyTaTHBHoe cjiojKe- 
Hiie. Ho a BCTpeTHji npoGjieMy onpeflejiHTb MHOJKecTBO a^HTHBHBix OTo6pa5KeHHH. 
51 TaKsce Ha^eiocb BepnyTbca k 3toh tcmc. 

ABrycT, 2010 

1.3. CorjiameHHH 

(1) OyHKn,HH H OTo6pa}KeHHe - ciihohhmi>i. OflnaKO cymecTByeT Tpa^Hii;HH 
cooTBeTCTBiie MeyKfxy KOjibn;aMH hjih bcktophbimh npocTpaHCTBaMii na- 
3biBaTi. OToSpajKeHHCM, a OTo6pa}KeHiie hojih fleiicTBHTejibHbix iHceji hjih 
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ajire6pbi KBaTepHHonoB nasbiBaTb 4)yHKLi;Heii. 51 TOJKe cjieflyio stovl Tpa- 

TPIUHH, XOTH BCTpenaeTCH TeKCT, B KOTOpOM HeaCHO, KaKOMy TepMHHy HaflO 

OT;i,aTb npe^no^iTeHHe. 

(2) B J11060M BbipasceHiiH, r^e noHBjiaeTCH iiH^eKC, h npe/i,nojiaraio, hto stot 
HHfleKC MOJKCT HMCTB BHyTpcHHioio CTpyKTypy. HanpHMCp, npH paccMOT- 
peHHH ajire6pi>i A KOopflHHaTBi a A OTHOCHTCjibHO 6a3Hca e nponyMe- 
poBaHbi nHflCKCOM i. 3to osHanaeT, hto a HBjiaeTCH BCKTopoM. O^HaKO, 
ecjiH a HBjiaeTCH MaTpniieii, naM Heo6xoflHMO flBa nHfleKca, o^hh nyiviepyeT 
CTpoKH, flpyroii - ctoji6d;ijI. B tom cjiyiae, Korfla mbi yTOHnaeM CTpyKTy- 
py nHflCKca, MM 6yfleM Ha^HHaTB HH^eKC c CHMBOjia • B cooTBeTCTByromeii 
no3Hii;HH. HanpHMep, ecjiH h paccMaTpHsaio MaTpimy a* KaK sjicmcht bck- 
TopHoro npocTpancTBa, to h Mory sanncaTb sjieMCHT MaTpHii,i>i b BH^e a * . 

(3) IlycTb A - CBo6oflHaa KOHe^^HO Mepnaa ajire6pa. IIpH pasjiojKeHiiii sjie- 
MeHTa ajire6pbi A OTHOCHTejitHO Saanca e mbi nojiBsyeMCH o^hoh h toh 
>Ke KopneBOii 6yKBOH fljia o6o3HaHeHHH SToro sjieMCHTa 11 ero KOop;i,HHaT. 
O^HaKO B ajire6pe ne npHHHTO HcnojibSOBaTb BCKTopHbie oGoaHaneHUH. 
B BbipaiKeHHH ne acHO - sto KOMnoneHTa paajioacenHa ajieMSHTa a 
OTHOCHTejiBHO 6a3Hca HjiH 3T0 onepan,Ha B03Be/i,eHHa b CTenenb. ^Jia 06- 
jieneHHa ^^TenHa TCKCTa mbi 6yfleM nnpfiKC sjieMeHTa ajireSpti Bbi^ejiaTb 
D;BeTOM. HanpHMep, 

a = a''ei 

(4) EcjiH CBo6oflHaa KOHe^^HOMepHaa ajire6pa HMeeT eflHHHLi,y, to mm 5y;i,eM 
OTOJKflecTBjiaTb BCKTop 6a3Hca Co c eflHHHii,eH ajire6pbi. 

(5) EcjiH B HeKOTopoM BbipajKeHHH HcnojibsyeTca hcckojibko onepanjiH, cpe^H 
KOTopbix ecTb onepai^Ha o, to npeflnojiaraeTca, hto onepai^na o Bbinoji- 
HaeTca nepBofi. Hhjkc npHBCflen npiiMep aKBHBajieHTHbix Bbipa»ceHHH. 

f oxy = f{x)y 

fo{xy) = f{xy) 

f ox + y = f{x) + y 

f o{x + y) = f{x + y) 

(6) Be3 coMHCHHa, y HHTaTCjia mohx CTaTeii MoryT 6MTb Bonpocbi, 3aMeT^aHHa, 
B03pa>KeHHa. 51 6ypy npH3HaTejieH jiio6oMy 0T3biBy. 



FjiaBa 2 



MaTpHi];a OTo6pa>KeHHH 



2.1. IIpOHSBefleHHe OTo6p£L»CeHHH 

Ha MHO>KecTBe OTo6pa>KeHiiii 

f:A^A 

onpeflejieHO npoHSsefleHHe corjiacHO npasnjiy 

(2.1.1) fog^fig) 

PaBCHCTBO 

f °g = g° f 

cnpaeefljiHEO lorp^a, h tojibko Tor^a, Kor/i,a fluarpaMa 

/ 




KOMMyTaTHBHa. 

^jiH a e A, cymecTByeT OTo6pajKeHHe 

(2.1.2) faix) = a 

EcjiH Mbi 6yfleM o6o3HaHaTb OTo6pa}KeHHe fa 6yKB0H a, to onnpaHCb na paBCHCTBO 

(2.1.1), nOJIOJKHM 

(2.1.3) foa = f{a) 

EcjiH A - fi-ajire6pa, b KOTopoii onpeflejiena onepan,HH yMHOxeHHii, to sjieMeHT 
a E A Tax >Ke mojkct cjiyjKHTb fljia oGosHaneHiiH onepan,HH jiCBoro cpfiwra 

(2.1.4) aob^ab 

3anHCb (2.1.4) ne npoTiiBope^HT sanHCH (2.1.3). OflnaKO na^o homhutb, ^^to npo- 
HSBCfleHHe (f o a) o b, a, b £ A, Heaccon,HaTHBHO, TaK KaK 

[f o a) o b ~ f{a)b / o (a o 6) = f{ab) 

2.2. Bhkojibii;o MaTpnu, OTo6pa:»ceHHH 

ITycTb A - ri-ajire6pa ([2, 11]), b KOTopoli onpeflejiena onepan,HH cjiojKeHHH. Mbi 
6yfleM npe^nojiaraTb, hto ajire6pa A HBjiHeTca rpynnoii no OTHOinenHio k onepan,HH 

CJIOJKeHHH. 
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2. MaTpHi^a OTo6pa;KCHHH 



IlycTb -4(A) MHOJKecTBO OTo6pajKeHiiii 0-ajire6piji A. Mbi MOJKeM OToSpasHTb 
onepan,Hio cjiojKeHiis b r2-ajire6pe A na MHOJKecTBO ^(A) corjiacHO npaBiijiy 

(2.2.1) {f + g)oa = foa + goa 

(2.2.2) (-/)oa = -(/oa) 

(2.2.3) Ooa = 

PaBCHCTBO (2.2.1) HBjiaeTCH BbipasceHHeM saKOna flHCTpii6yTHBHOCTH npoHSBCfle- 
HiiH OTo6pa}KeHHH cjieBa. HosTOMy ecTecTBeHHO noTpeGoBaTb, ^toSbi npoH3Be/i,eHHe 
6bijio ;i;HCTpH6yTHBHO cnpaBa 

(2.2.4) fo{a + b) = foa + fob 

B ceKLi;HH 2.3 mbi yBH;i,HM, hto sto Tpe6oBaHiie cymecTBenHO. CjieflOBaTejibHO, mho- 
jKecTBO .4(A) HBjiaeTCH MHOJKecTBOM roMOMop4)H3MOB rpynnbi A. 

Mbi Tpe6yeM, ^noSm MHOJKecTBO »4(A) 6bijio saMKHyTO OTHOCHTejitHO onepa- 
TiavL cjiojKeHiia h npoHSBefleniiH OTo6pajKeHHH. 

TeopeMa 2.2.1. JJam aki6ozo omo6pacHceHUJi g 6 A{A) cnpaeedAueu paeencmea 

(2.2.5) o ,g = 

(2.2.6) (-/)°5 = -(/°.9) 
^OKASATEJibCTBO. Ha paBCHCTBa (2.2.3) cjie^ycT 

(2.2.7) (Oog) oa = Oo (goa) =0 

PaBCHCTBO (2.2.5) cjie^yeT h3 paBCHCTBa (2.2.7). Hs paBencTBa (2.2.1) cjie^yeT 

(2.2.8) /°5+(-,/)°.9= (/ + (-/)) °5 = 005 = 

PaBCHCTBO (2.2.6) cjieflyeT h3 paBCHCTBa (2.2.8). □ 

SaMenaHHe 2.2.2. Ecjih cyMMa HCKOMMyTaTHBHa, to Tpe6oBaHHe saMKHyTOCTH 
MHOJKCCTBa .4(A) OTHOCHTejiBHO onepan,HH cjiojKeHiia MOJKeT OKasaTbca cjihoikom 

CTpOrHM. PaCCMOTpHM BbipajKCHHe 

{f + g)o{a + b) = fo[a + b)+go(a + b)~foa + fob + goa + gob 
TaK KaK, BOo6iri,e roBopa, 

fob + goa=/=goa + fob 

TO Mbl He MOJKeM yTBep>K^aTb, hto 

if + g)o{a + b) = fo{a + b)+go{a + b) 

B flajiBHeiiineM TCKCTe mbi 6yfleM npeflnojiaraTb, hto cjioaceHne KOMMyTaTHBHO. 
TeM He Menee Bce nocTpoenHH b 3toh rjiaBe mbi 6yfleM BbinojiHHTb TaK, KaK mbi sto 
^ejiajiH 6bi B cjiynae HCKOMMyTaTHBHoro cjiojKeHHH. □ 

PaCCMOTpHM MHOMCeCTBO MaTpHU, OTo6pa»CeHHH, 3JieMeHTbI KOTOpblX SBJIH- 

KJTCH OToSpajKeHHaMH / G A(A) . CorjiacHO onpe^ejieHHro [5]-2.2.1, mbi oupejiejuiM 
o°-npoH3Be;],eHHe MaTpHU, OToGpajKeHHii 



(2.2.9) 




2.2. Bhkojii,li;o MaTpHu; OTo6pa>KCHHH 
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(2.2.10) 



CorjiacHO onpeflCJieHHio [5]-2.2.2, mh onpeflejiHM °o-npoH3Be/i;eHHe MaTpnu; oto6- 
pajaceHHH 

f b\c = {bloc-) 
1 ib°oc)t = bloc- 

TeopeMa 2.2.3. UpouaeedeHue npeo6pa3oeaHuu MHOCHcecmea A accov^uamuoHO.'^'^ 

^OKASATEJTbCTBO. PaCCMOTpiIM OTo6pajKeHHa 

J : A g:A^ A h : A ^ A 
YTBepjKfleHHe TeopeMbi cjie^yeT h3 n,enoHKH paeeHCTB 

((/ o g) oh) o X ^ {J o g) o {ho x) ^ f o [g o {ho x)) 
^ J o{{goh)ox) ^ {f o{goh))ox 

□ 

TeopeMa 2.2.4. MHOotcecmeo A{A) sieAfiemcsi KOAbu,OM. 

^OKASATEJibCTBO. A{A) - a6ejieBa rpynna OTHOCHTejibHO onepaii,HH cjiojKe- 
HHH. CorjiacHO TeopeMe 2.2.3, A{A) - nojiyrpynna OTHOCiiTejitHO yMHOJKeHHH. TaK 
KaK / e ^(^) - roMOMop4)H3M a6ejieBofi rpynnti A, to jiio6oro a G A 

^2 2 if + g)) oa= f o{{h + g)oa) = f o{{hoa + go a) 

— {f ° h) o a + {f o g) o a = {foh + fog)oa 
Ha paBencTBa (2.2.11) cjie^yeT saKOH flHCTpH6yTHBH0CTii 

fo{h + g)^foh + fog 

□ 

0To6pa>KeHHH, npHHafljiejKani,He KOjibu,y A{A), mbi Taitsce 6y^eM nasbiBaTb 
^(y4)-OTo6pa:»ceHHHMH. 

TeopeMa 2.2.5. o° -npouaeedenue Mampuu, A{A)-omo6paciHzeHuu fieAsiemcfi Mam- 
puii,eu A{A)-omo6pa^iceHuu. 

^OKASATEJTbCTBO. YTBepiKfleHHe TeopeMbi cjie^yeT h3 ypaBnenHH (2.2.9) h 
yTBepjKfleHiiH, hto cyMMa h npoHSBCfleHHe ^(A)-OTo6pa}KeHHH HBjiHeTCH A{A)- 
OTo6pa>KeHHeM. □ 

TeopeMa 2.2.6. UpouseedeHue Mampuu, A{A)-omo6pacHceHuu accov,uamu6HO. 

^OKASATEJTbCTBO. YTBep^KfleHHe TeopeMbi cjie^yeT h3 ii,enoiKii paBencTB 

(/o°5)o°/i = {{fo°g)] o k) = ((/m ° .9r ) ° k) 

= {.fin o {gT o K)) = o (5o°Mr) 

□ 



2.1 



yTBepjKfleHHe Teopeinbi ocHOBaHO na npniuepe nojiyrpynnbi h3 [3], c. 20, 21. 
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2. MaxpHi^a OTo6pa;KCHHH 



2.3. KBaSHfleTepMHHaHT MaTpHLi;i>I OTo6p£L>KeHHft 

TeopeMa 2.3.1. IIpednoAOJtcuM, umo n x n Mampwua A{A)-omo6paaKeHuu a 
UMeem o° -o6pamHyw Mampum/^'^ 

(2.3.1) ao°a"^°°=(5 

Tozda k X k Munop o° -o6pamHOu Mampu%u ydoeAemeopjiem cnedymiufiMy paeen- 
cmey, npu ycAoeuu, umo paccMampueaeMue o6pamHue Mampuvfii cyujt,ecmeywm, 



(2.3.2) ((a-^°°)S)"° 



^OKASATEJlbCTBO. Onpe^ejieHHe (2.3.1) o°-o6paTHOH MaTpuri,!,: npiiBOfliiT k 
CHCTCMe jiHHeiiHbix ypaBHCHHii 

(2.3.3) aKo°(a-i=°)[/l+a[^lo°(a-i»°)S = 

(2.3.4) a(,^o°{a~^"°fj^ +aio°{a-^^°Yj = 6 

Mm yMHO>KHM (2.3.3) na 

(2.3.5) (a-=°)[^I + (aH)"°°o°4^°(a-»°)S = 
Tenepb mbi mojkcm no;];cTaBHTi> (2.3.5) b (2.3.4) 

(2.3.6) -af,]o°(a|/J)"'° o°4"o°(a-^°°)S + a/o°(a-^°°)S = ^ 

(2.3.2) cjieflyeT h3 (2.3.6). □ 

CjieflCTBHe 2.3.2. UpednoAocucuM, umo n X n Mampuv^a A{A)-omo6pacHceHuu a 
UMeem o° -o6pamHym Mampui^y. Tozda aAeMenmu o° -oSpanmou Mampuvpi ydosAe- 
meopsimm paeeHcmey 



(2.3.7) (Ha-i°°)] = -a^,„°(a[3)"'°°o°ari+a^ 



□ 



Onpe/i;ejieHHe 2.3.3. (:^)-o°-KBa3H/i;eTepMHHaHT n x n MaTpHn,bi a - sto 4)op- 
MajiBHoe BbipajKeHHe 



-.-lo 



(2.3.8) det {a, o°)i [na 

CorjiacHO aaMeHamiio [5]-2.1.2 mh MO»ceM paccMaTpHBaTb (J^)-o°-KBa3H/i,eTepMH- 
HaHT KaK sjieMeHT MaTpimbi dct (a, o°) , KOTopyio mbi 6y;i,eM nasbiBaTb o°-KBa3H- 

/l,eTepMHHaHTOM. □ 

TeopeMa 2.3.4. Bupaotcenue Baji dAeMeumoe o° -o6pamHou Mampwuu uMeem eud 

(2.3.9) a^i°° = Hdet(a,o°) 

/],OKA3ATEJIbCTBO. (2.3.9) CJICflyeT H3 (2.3.8). □ 



'^■'^3to yTBepjKfleHiie h ero ^OKasaTejibCTBO ocHOBaHbi Ha yTBep^K^eHUH 1.2.1 h3 [4] (page 8) 

flJIS MaTpHI], Ha/], CBo6o;i,HbIM KOJIBU,OM c /i,ejieHHeM. 



2.4. CHCTCMa aflflHTIIBHblX ypaBHCHHH 
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TeopeMa 2.3.5. Bupaatcenue dnsi {1)-o° -KeaaudemepMUHaHma UMeem AH)6yw U3 
CAedyKvuux cjjopM 



(2.3.10) det(a,o°)H-4]o°(aH)~ ° 

(2.3.11) det(a,o°)^' = -a{^]o°Hdet (ag^o") o°aL" 
^OKASATEJibCTBO. YTBepjKfleHHe cjieflyeT h3 (2.3.7) h (2.3.8). □ 

Onpe/i;ejieHHe 2.3.6. Ecjih fljiH OTo6pa>KeHHa: / e .4(A) h3 cymecTBOBaHiia o6- 
paTHoro OTo6pajKeHHa: cjie^yeT € -4(A) , to KOJibu,o -4(A) OToGpajKeHiiii 
HasbiBacTca KBasHsaMKHyTBiM. □ 

TeopeMa 2.3.7. Ilycmb A{A) - KeaauaaMKHymoe KOMbv,o OTno6paDfceHuu fl-aA- 
8e6pu A. Uycmt) a - Mampuu,a A{A)-omo6paDKeHuu. Tozda Mampuiipi dct(a, o°) 
u a~^° jieAsiwrncsi Mampuv^aMU A{A) -omo6paotceHuu. 

^OKASATEJTbCTBO. Mbi flOKajKCM TeopcMy HH/i,yKii,HeH no nopaflKy MaTpHn^bi. 
IIpH n = 1 H3 paBCHCTBa (2.3.10) cjie^yeT 

det (a, o°)\ = al 

CjieflOBaTejiBHO, KBasHfleTepMHHanT HBjiaeTCH MaTpimefi A(A)-OTo6pajKeHHH. Hs 
onpeflejieHHH 2.3.6 cjieflycT, hto Maipima a~^° HBjiaeTCH MaTpimeii A(A)-oto6- 
pajKeHHH. 

IlycTb yTBepjK^CHHe TeopeMbi Bepno ^jih n — 1. IlycTb a - n x n MaTpHLi,a. Co- 



rjiacHO npe^nojioiKeHHio HHflyKD;HH, Maipima (^^^[a] j ^ paBencTBC (2.3.10) hb- 
jiaeTca MaTpimeii A(A)-OTo6pajKeHHii. Cjie^OBaTejibHO, (g)-o°-KBa3HfleTepMHHaHT 
HBjiaeTCH A(A)-OTo6pa>KeHHeM. Hs onpeflejieniiH 2.3.6 ii TeopcMbi 2.3.4 cjieflyeT, 
HTO MaTpima a~^° HBjiaeTCH MaTpimefi A(A)-OTo6pa>KeHHn. □ 

Onpe/i;ejieHHe 2.3.8. Ecjih nxn Maxpima a A(A)-OTo6pa}KeHiiH iimcct o°-o6paT- 
Hyio MaTpHii,y, mh 5y;i,eM nasbiBaTb MaTpnii,y a o°-HeBBipo>K;];eHHOH MaTpHi^eii 
A(A)-OTo6pa>KeHHH. B hpotiibhom cjiynae, mbi 6yfleM nasbiBaTb Taxyio Maipimy 
o°-BBipo»<;fleHHOH MaTpHi^eii A(A)-OTo6pa>KeHHH. □ 

2.4. CHCTCMa aflflHTHBHBIX ypaBHeHHH 

IlycTb A(A) - KBa3H3aMKHyToe KOjibD;o OTo6pa>KeHHii il-ajire6pbi A. CncTeMa 
ypaBHCHiifi 

(al ... al\ (r^' 

(2.4.1) 0° . 

Vi - <) V 

rfle a - Maipima A( A)-OTo6pajKeHHfi, nasbiBaeTca CHCTeMofl a/i;^HTHBHBix ypaB- 
HeHHH. CncTeMy a^iiTiiBUbix ypaBneniifi (2.4.1) mojkho saniicaTb TaKJKe b Biifle 

i\ox^ + ... + a,\ o x" = 
i?o.t1 + ... + a" ox" = 6" 



-1 ° 
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2. MaxpHi^a OTo6pa;KCHHH 



Onpe/i;ejieHHe 2.4.1. IlpeflnojiojKHM, hto a - o°-HeBbipo}KfleHHaH MaTpHD;a. Mbi 
6yfleM HasbiBaTb cooTBeTCTByiomyio ciiCTeMy aAii,HTHBHbix ypaBHeHiiii (2.4.1) o°- 
HeBMpo:»c/i;eHHOH CHCTeMoft £i,na;HTHBHMX ypaBHeHHii. □ 

TeopeMa 2.4.2. Pemenue HeeupootcdeHHoii cucmeMU A{A)-ypaeHeHuu (2.4.1) 
onpedeACHO odnosHaHHO u MOJtcem 6umb aanucano e aw6ou us cAedyminux (popM 

(2.4.2) x = a-^°°o°b 

(2.4.3) X = Hdet(a,o°)o°& 

^OKASATEJibCTBO. YMHOiKaH o5e HacTH paBeHCTBa (2.4.1) cjieBa na a^^° , 
Mbi nojiyniiM (2.4.2). IIojibsyHCij onpe^ejieHHCM (2.3.8), mh nojiy^HM (2.4.3). □ 

IIpHMep 2.4.3. CorjiacHO onpeflejiCHHio [5]-4.1.4 acJxJseKTHBHoe T^-npe^CTaBjie- 
HHe Tejia D b a6ejieB0H rpynne V nopojK/i,aeT Tejio OToGpajKeHHii D{*V). OSpaa 

V G V npH OToGpajKeHHH a G D(*V) onpeflejien corjiacHO npaBHjiy 

a ov = dv 

npoH3Be/i,eHHe OTo6pa>KeHHH a, b £ D(*y) onpeflcjien corjiacHO npaBHjiy 

a o b ^ ah 

CncTeMa a;mHTHBHbix ypaBHenHii b stom cjiynae HBjiaeTCH chctcmoh ^* D-jiwaetL- 
Hbix ypaBHCHHli. □ 

IIpHMep 2.4.4. CorjiacHO onpeflejiCHHio [5]-4.1.4 scJxJjeKTiiBHoe ★r-npe;];cTaBjie- 
HHe Tejia D b a6ejieB0H rpynne V nopojK/i,aeT Tejio OTo6pa>KeHHii D(y*). OSpaa 

V G V npn OTo6pa>KeHHH a G D{V*) onpeflejien corjiacno npaBHjiy 

a ov = va 

npoH3BefleHHe OTo6pa>KeHHH a, b € D{V*) onpe^ejien corjiacno npasnjiy 

a o b ~ ba 

CncTeMa a/mHTHBHbix ypaBHennft b stom cjiynae HBjiHeTca: cncTeMon D**-jiHHeH- 
Hbix ypaBHennii. □ 

2.5. CHCTGMa a,nflHTHBHBix ypaBHeHHii b HOJie KOMHJieKCHbix HHceji 

Corjiacno TeopeMe [6]-5.1.9 a;mHTHBnoe OTo6pa>KenHe nojiH KOMnjieKcntix nn- 
ceji jinnenno na/i, nojieM flencTBiiTejibnbix nnceji. PaccMOTpiiM Sasiic eg = I, ei = i 
nojiH KOMnjiCKcnbix ^nceji na^ nojieM flencTBHTejibHbix Hiiceji. B Sasnce e a;mHTHB- 
Hoe OToGpajKenne / onpeflejieno MaTpnu^en 

(I A°) 

Corjiacno TCopcMC [6]-7.1.1 jinneiinoe OTo6pa>KenHe hmcct MaTpHn,y 

/ ao -aA 
\ai ao J 

3to OToSpajKcnne cooTBCTCTBycT yMnojKennio na nncjio a = ao + aii- YTBepsKfle- 
nne cjie^yeT h3 pasencTB 

(ao + aii)(a;o + xii) = aoxo — a^xi + {aoXi + aiXo)i 



2.5. CnCTCMa aflflHTHBHblX ypaBHCHHH B nOJIC KOMnJICKCHBIX "^IHCCJI 
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aoXo - aiXi \ 

QiXq + aoXi I 

Aftii,HTHBHoe OTo6pa}KeHHe, noposKflCHHoe OTo6pajKeHHeM conpH>KeHHa 

/ o z = z 



I 

HMeiOT MaTpHD^y 



,0 -1, 



bo 6i \ 
V^i -bo) 

KOTopaa cooTBeTCTByeT npeoGpasoBaniiio (bo + bii) o /. yTBepjKfleHHe cjie^yeT h3 

paBCHCTB 

(6o + bii)I{xo + xii) = (bo + bii){xo - xii) = boxo + bixi + {-boxi + biXo)i 

boxo + bixi\ 
bixo - boxi J 

TeopeMa 2.5.1. AddumueHoe omoOpacuceHue noAsi KOMnACKCHUx hucca UMeem 
eud 

(2.5.2) f = a + boI 

(2.5.3) (a + b o I) o z — az + b'z 

^OKASATEJTbCTBO. IlycTb OToSpajKCHHe / onpeflejiCHO MaTpimefi (2.5.1). Co- 
nocTaBjieHHe MaipHu, OTo6pa}KeHHH f, a, b npiiBOfliiT k MaTpiiHHOMy paBencTBy 






(2.5.4) f° =ao+bo 

(2.5.5) /° = -ai + 6i 

(2.5.6) = ai + 6i 

(2.5.7) fl =ao-bo 
Ha paBCHCTB (2.5.4). (2.5.7) cjie^yeT 

/o + /i 7 fo ~ fl 
ao = ^— ^0 = ^— 

Ha paBCHCTB (2.5.6), (2.5.5) cjie^ycT 

fo ~ fl 7 /o + /i 
oi = 7i Oi = 7i 



□ 



B nojie KOMnjiCKCHbix hhccji mhojkcctbo aftzi,HTHBHi>ix OTo5pa>KCHHH nopojKflacT 
KOJibii;o, nopojKflCHHOC oncpau^iicii yMHOJKCHHa na KOMnjiCKCHOC hhcjio h oncpau^Hcii 

COnpajKCHHH. 

TeopeMa 2.5.2. KoAbu,o omo6paDtceHuu A{C,C) KeasuaaMKHymo. 
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2. MaTpHi^a OTo6pa;KCHHH 





^OKASATEJibCTBO. A/mHTHBHoe OTo6pajKeHHe HeBBipojKfleHHO Torfla h tojib- 
KO Torfla, Korfla tieBbiposKfleHa ero MaTpHii,a (2.5.1). OSpaTHaa MaTpHLi,a TaKJKe 
onncBiBaeT HCKOTopoe OTo6pajKeHiie. HpoHSBe/ieHHe sthx MaTpHn, aBjiaeTca: tojk- 
;i,ecTBeHHi>iM npeo6pa30BaHHeM. □ 

TeopeMa 2.5.3. Upouaeedenue addumuenux omo6paatceHuu 

/ = /o + /i o / 

g = go + gi o I 

UMeem eud 

h = fog = ho + htol 

gde 

(2-5.8) ho = /o5o + fiVi hi = fogi + figg 

^OKASATEJibCTBO. HenocpeflCTBeHHOH npoBepKofi jierKO y6e/i,HTi>CH, hto 
(2.5.9) /o/==l 

Ha iieno^iKH paBencTB 
(2.5.10) 

(1 \ (ao -ai 
\0 -I J ^ai ao 
cjie^eT 

(2.5.11) a^loaol 
Ha paBCHCTB (2.5.9), (2.5.11) cjie^yeT 

(2.5.12) aoI = Ioa 
Ha paBencTB (2.5.9), (2.5.12) cjieflyeT 

(/o + fi {go +gioT) 
=/o o {go + gi ° I) + fx o I ° {go + gioi) 

(2.5.13) =/o o go + fo o gi o I + fi o I o go + fi o I o gi o I 

={fogo) + (/offi) ° I + fi°go° I + fi°gi° I ° I 

={fogo + /i5i) + (/offi + /i5o) ° I 
PaBeHCTBO (2.5.8) cjie^yeT h3 paBCHCTBa (2.5.13). □ 

TeopeMa 2.5.4. Uycmti addumueHoe omo6paMceHue noAJi KOMnACKCHUx hucca 

g = go + gi o I 

ReAfiemcsi omo6pac>tceHueM, o6pamHUM addumueHOMy omo6paMceHum 

f = fo + fiol 

Tozda 

(2.5.14) 90 = - gi = _ _ 

/i/i - /o/o /i/i - /o/o 



2.5. CncTCMa aflflHTHBHt>ix ypaBHCHHii b nojic KOMnjicKCHBix "^iHceji 
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^OKASATEJibCTBO. CorjiacHO yTBepjKfleHHK) TeopeMbi 

(2.5.15) fog^l 
Ha pasencTB (2.5.8), (2.5.15) cjieflycT 

(2.5.16) /o<?o + /iSi = l 

(2.5.17) /i5o + /o5i=0 
Ha ypaBHeHHH (2.5.17) cjieflyeT 

7i5o +7o5i = 

(2.5.18) 5o = -7o7r'5i 
Ha ypaBHeHiiii (2.5.16), (2.5.18) cjieflyei 

(2.5.19) - /o7o7r'5i + /i5i = 1 

(2.5.14) cjieAyeT hs paeeHCTB (2.5.19), (2.5.18). □ 

IIpHMep 2.5.5. PaccMOTpiiM CHCTeMy a/mHTHBHbix ypaBHemiii 

j z + 2w =1 
I z — 3w = i 



(2.5.20) 



CncTCMy ypaBHCHUH (2.5.20) nejibSH pemaTb nojibsyHCb onpeflejiHTejieM h npaBH- 
jiOM KpaMepa. SamimeM CHCTCMy ypaBHenHfl (2.5.20) b BH^e 



(2.5.21) 
(2.5.22) 



z + 2 o I o w =1 
z + (—3) o w ~ i 



HattflCM o°-KBa3HfleTepMiiHaHT MaTpHii;i>i 
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2. MaTpHi^a OTo6pa;KCHHH 



CorjiacHO paBCHCTBy (2.3.10) mm HMeeM 



det (a, o°) 


1 1 

1 = 








— flj o (02)^"'" 




= 1 - 


-2o/o(-3)"^ol 




= U 


-h' 


det (a, o°) 


2 2 
1 1 






= al 


— a2 (02)^"'" a\ 




= 1 - 


- (-3) (2o/)-i 1 






— 07 
2 


det (a, 0°) 


1 1 






= al 


— a} (aj)^""" flg 




= 2o 


/ - lo (-3) 




= 34 


-2oI 


det(a,o°) 


2 2 
2—02 


2 o( m.-w 1 

"[2]o \'^[2]> ° ■ 




= a2 


— of [a\)^^ a\ 






3)-lo(l)-io2o/ 




= -3 


\-2oI 



2.5. CnCTCMa aflflHTHBHblX ypaBHCHHH B nOJIC KOMnJICKCHBIX HHceji 
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CorjiacHO TeopeMEM 2.3.4, 2.5.4, o°-o6paTHaa iviaxpima hmbct bh/i, 



(a-i° )l = (det(a,o°);) 



2 2 _ 

3 3 

9 6 



1 1 



ol 



9 



(a-i°°)i = (det(a,o°)?)-^ = (l + -o/)- 



-1 



3 3 
2 2 

4 



1 1 

6 



5^-1+ 2^) 



ol 



5 5 

(det {a,o°)ly^ = (3 + 2o/)- 
-3 + 2J 1 



2 2-3 3 

3 2 

o 7 

5 5 

(dot {a,o°)l)-^ 
3-2/ 1 



:(3-2/) 



2 2-3 3 
3 2 ^ 

-5 + 5°^ 



\5 5 ° 



(-3 + 



3-2o/)-i 
21) 

6 N 
- o 7 



5 . 



/9 


6 

— c 


I 


5 


5 




3 


2 






— c 
5 


I 


/9 


6 


-( 


5 


5 " 




3 


2 






5 " 


-( 








5 






1 













5 



CorjiacHO TeopeMe 2.4.2 penieHiie cncTeMti a^HTHBHtix ypaBHCHHli (2.5.20) HMeeT 

4 
5 
3 
5 

'4 



o/ 



1 + A 



- + - M 
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2. MaxpHi^a OTo6pa;KCHHH 



HenocpeflCTBCHHaH npoBcpKa noKastiBaeT, hto mm nanijiH peineHHe CHCTeMbi ypae- 
HeHHH (2.5.20) 



^-2.)+2(i-.)=^ + 2i + (-2 + 2). = l 



□ 



FjiaBE 3 



JlHHeitHoe OTo6pa:aceHHe ajire6pi>i 

3.1. MoflyjiB 

TeopeMa 3.1.1. Uycmb KOAbUjO D UMeem eduHum/ e. UpedcmaeMeHue 

(3.1.1) f:D^*A 

KOAhUja D e a6eAeeou zpynne A 3<J)4)eKTHBHO mozda u moAbKO mozda, Kozda U3 
paeeHcmea f{a) = CAedyem a = 0. 

^OKASATEJibCTBO. CyMMa npeo6pa30BaHHH fug a6ejieB0ii rpynnti onpefle- 
jiHCTCH corjiacHO npaBHjiy 

{f + g)oa~foa + goa 

HosTOMy. paccMaTpHBaa npe^CTaBjieHHe KOjibii;a D b aSejieBoii rpynne A, mbi no- 
jiaracM 

/(a + b) o X = f{a) o X + f{b) o x 
IIpoHSBefleHHe npeo6pa30BaHHH npe;i,CTaBjieHHfl: onpe^ejieno corjiacHO npaBHjiy 

f{ab) = /(a) o /(&) 
EcjiH a, 6 G i? nopojKflaiOT o^ho ii to jKe npeo6pa30BaHHe, to 

(3.1.2) f{a)om = f{b)om 

fljiH jiio6oro m G A. Hs paBencTBa (3.1.2) cjie^yeT, hto a — b nopoHi^acT nyjiCBoe 
npeo6pa30BaHHe 

/(a — &) o m = 

Bjicmcht e + a — b nopojKflaeT TOJKflecTBenHoe npeo6pa30BaHiie. Cjie;i,OBaTejibH0, 
npeflCTaBjiCHHe / scJxJjeKTiiBHO Torfla h tojibko Tor^a, Kor^a a = b. □ 

Onpe/i;ejieHHe 3.1.2. HycTb D - KOMMyTaTHBHoe KOjibn,o. A - MOflyjib na^ KOJib- 
ri;oM D, ecjiH A - a6ejieBa rpynna ii onpe^ejieHO 34)4)eKTHBHoe npe;i,CTaBjieHHe 
KOjibi],a D B a6ejieB0H rpynne A. □ 

Onpe/i;ejieHHe 3.1.3. A - cboGo^hmh Mo^yjib Ha/i, KOJibu,OM D, ecjin A HMeeT 
6a3HC nafl KOjibn;oM 

Cjieflyiomee onpeflejienne sBjiaeTCH cjieflCTBHCM onpe;i,ejieHHH 3.1.2 n [7] -2. 2. 2. 
Onpe/i;ejieHHe 3.1.4. IlycTb Ai - MO^yjib na^ KOjibn,OM Ri. IlycTb A2 - Mo;i,yjib 

nafl KOJIbU,OM i?2- Mop4)H3M 

if -.Ri^ R2,g:Ai^A2) 



•^■^51 cjieflym onpeflejieHHKi b [1], c. 103. 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



npeflCTEBjieHHa KOjibi^a Ri b aSejieBoii rpynne Ai b npeflCTaBjienne KOjibLi;a R2 b 
a6ejieB0H rpynne A2 nasbiBaeTCH jiHHeiiHMM OTo6pa>KeHHeM i?i-MOflyjisi Ai b 

i?2-MOflyjlb A2. □ 

TeopeMa 3.1.5. JIuneuHoe omo6pacnceHue 

[f : Ri^ R2,g: Ai~^ A2) 
Ri-ModyAM Ai e R2-ModyAh A2 ydoeAemeopnem paeencmeaM'^'^ 

(3.1.3) go(a + b)^goa + gob 

(3.1.4) 9 ° (pa) ^ if o p){g o a) 

(3.1.5) fo{pq)^{fop){foq) 

a,b e Ai p,q e Ri 

^OKASATEJibCTBO. Ha onpeflejieHHH 3.1.4 n [7]-2.2.2 cjie^yeT, hto 

• OTo6pa>KeHHe / HBjiaeTCH roMOMopcjDHSMOM KOjibn,a i?i b KOjibD;o R2 (pa- 
BencTBO (3.1.5)) 

• OTo6pa>KeHHe g HBjiaeTCH roMOMopcjDHSMOM aGejieBofl: rpynnti Ai b a6e- 
jieBy rpynny A2 (paBencTBO (3.1.3)) 

PaBencTBO (3.1.4) cjie^yeT h3 paBencTBa [7]-(2.2.3). □ 

CorjiacHO TCopeMe [7]-2.2.18 npn HsyHCHnn jiHHennbix OTo6pa>KeHHH, ne napy- 
maa o6m;HOCTH, mbi MOJKeM nojiaraTb i?i = i?2. 

Onpe/i;ejieHHe 3.1.6. IlycTb Ai n A2 - MO^yjiH nafl KOjibn,OM D. Mop4)H3M 

g:Ai^A2 

npeflCTaBjienna KOjiBD;a D b aSejieBoii rpynne Ai b npeflCTaBjienne KOjiBu;a D b 
aGejiCBOH rpynne A2 nasbiBaeTCH jihrghhijIM OTo6pa>KeHHeM D-MOflyjia Ai b 
D-MOflyjib A2. □ 

TeopeMa 3.1.7. JIuneuHoe omo6pacitceHue 

g: Ai^ A2 

D-ModyAM Ai e D-ModyAt A2 ydoeAemeopsiem paeeHcmeaM'^ '^ 

(3.1.6) g o (a + b) = goa + gob 

(3.1.7) g o (pa) ^ p{g o a) 



■^■^IIpeflJiaraeMbie paBencTBa b KJiaccH'^ecKoft sanncH HivieiOT BnojiHe SHaKOMtifl bh^ 

g{a + b) = g{a) + g{b) 

g{pa) = f{p)g{a) 
f(pq) = f{p)f{<i) 

a,b G Ai p,q G Ri 

^■^H KJiaccHHecKoit sanncH npHBefleHHbie paBencTBa hmsiot BHfl 

g{a + b) = g{a) + g{b) 
g(pa) = pg{a) 

a,b e Ai p e D 



3.2. Ajirc6pa Hafl KOjibLi;oM 
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a,b e Ai p e D 

flOKASATEJibCTBO. Ha onpe;];ejieHHH 3.1.6 h TeopeMM [7]-2.2.18 cjie^yeT, hto 
OTo6paiKeHHe g HBjiaeTCH roMOMopcJjHSMOM aGejiesoii rpynnti Ai b aGejieey rpynny 
A2 (paBencTBO (3.1.6)) PaeeHCTBO (3.1.7) cjie^yeT h3 paeeHCTBa [7]-(2.2.44). □ 

3.2. Ajire6pa Ha/i; kojibli;om 

Onpe/i;ejieHHe 3.2.1. IlycTb D - KOMMyTaTHBHoe kojibi^o. HycTb A - MO^yjib na^ 
kojiijLi;om D. ^ '^ 3a;i,aHHoro 6HjiHHeHHoro OTo6pa}KeHHH 

f -.Ax A^A 

Mbi onpe;],ejiHM npoH3Be/i,eHHe b A 

(3.2.1) ah^fo{a,h) 

A - ajire6pa hei/i; kojibuiom _D, ecjiii A - D-MOf\ym> us A onpeflejiena onepamiH 
npoiiSBCfleHHa (3.2.1). Ajire6pa A* nasbiBaeTCH ajire6poH, npoTHBonojio:»CHOH 

ajire6pe A, ecjiH b MO/i,yjie A onpeflejieno npoiiSBCfleHHe corjiacHO npaBHjiy'' '^ 

ba ~ f o (a, h) 

EcjiH A HBjiaeTCH cboGo^hbim ZJ-mo^jicm, to A nasBiBaeTCH cbo6o/i;hoh ajire6- 
poft Ha/i, KOJiBn,OM D. □ 

SaMenaHHe 3.2.2. Ajire6pa A 11 npoTHBonojiojKHaa eii ajire6pa coBnaflaiOT KaK 

MO^yjIH. □ 

TeopeMa 3.2.3. UpouseedeHue e aAze6pe A ducmpu6ymu6H0 no omHomeHum k 
CAOMceHum. 

flOKASATEJibCTBO. yTBepjK;];eHHe TeopeMbi cjie^yeT 113 ii,eno'iKH paBencTB 
(a + h)c = / o (a + &, c) = / o (a, c) + / o (6, c) = ac + be 
a(b + c) = f o (a,b + c) = f o [a,b) + f o [a, c) = ab + ac 

□ 

ITpoHSBefleHHe b ajire6pe MOxceT 6biTb hii KOMMyTaTHBHbiM, hh accoi^naTHB- 
HbiM. CjieflyiOLn,He onpeflejiemia ocHOBanbi na onpe;i,ejieHHHx, flaHHbiM b [14], c. 
13. 

Onpe/i;ejieHHe 3.2.4. KoMMyTaTop 

[a, b] = ab — ba 

cjiyjKHT Mepoii KOMMyiaTHBHOCTH B D-ajire6pe A. D-ajire6pa A Ha3biBaeTCH kom- 

MyTaTHBHOH, ecjiH 

[a, 6] = 

□ 



■^'^CymecTByeT HecKOJibKO 3KBHBajieHTHbix onpeflejienHH ajire6pbi. BnaMajie h xoxeji paccMOT- 
peTb npeflCTaBJiCHiie KOJibi^a D b a6ejieBOH rpynne KOJii>Li,a A. OflHaKO MHe naflo 6biJio o6'b5iCHHTb 
noMCMy npOHSBCfleHne sjicmchtob KOJibLi;a D h ajire6pbi A KOMMyTaTHBHO. Sto noTpeSoBajio onpe- 
^ejiCHHe Li,eHTpa ajireSpbi A. Ilocjie xmaTejibHoro anajinaa h BbiSpaji onpeflejienHe, npHBe^eHHoe 
B [14], c. 1, [9], c. 4. 

^■■^OnpeflejieHHe ^aHO no anajiorHH c onpeflejienneM [12]-2, c. 19. 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



Onpe/i,ejieHHe 3.2.5. AccoLi,HaTop 

(3.2.2) {a,b,c) = {ab)c~ a{bc) 

cjiyjKHT McpoH accoLi,HaTHBHOCTH B Z?-ajire6pe A. D-anreGpa, A HasbieaeTCH acco- 

I],HaTHBHOH, eCJIH 

(a, b,c) ~ 



□ 



TeopeMa 3.2.6. Ilycmt, A - aAse6pa nad KOMMymamueHUM KOAt>ii,0M D.^'^ 
(3.2.3) a(6, c, d) + (a, 6, c)d = {ab, c, d) — (a, be, d) + (a, b, cd) 

Basi awBux a, b, c, d ^ a. 

^OKASATEJTbCTBO. PaBCHCTBO (3.2.3) cjieflyeT h3 D;enoHKH paBencTB 
a(6, c, d) + (a, 5, c)d = a{{bc)d — b{cd)) + ((a6)c — a{bc))d 

= a{{bc)d) - a(b(cd)) + {{ab)c)d - {a{bc))d 
= {{ab)c)d - {ab){cd) + {ab){cd) 
+ a{{bc)d) - a{b{cd)) - {a{bc))d 

= {ab, c, d) ~ {a{bc))d + a{{bc)d) + {ab){cd) - a{b{cd)) 
= (ab, c, d) — (a, (be), d) + (a, b, cd) 

Onpe/i;ejieHHe 3.2.7. Slppo _D-ajire6pi>i A - sto MHOJKecTBO'^^ 

N{A) ^ {a e A ■.\fb,c e A, {a, b, c) = (b, a, c) = (b, c, a) = 0} 

Onpe/i;ejieHHe 3.2.8. Il^eHTp Z?-ajire6pBi A - sto MHOJKecTBO'^^ 
Z{A) = {aeA:ae N{A),\fb eA,ab^ ba} 



□ 



□ 



□ 



TeopeMa 3.2.9. nycrm> D - KOMMymamueHoe KOMt>v,o. Ecjlu D-aA3e6pa A UMeem 
eduHuv,y, mo cymecmeyem u30Mop(fiu,3M f KOAti^a D e v,eHmp aAze6pu A. 

flOKASATEJTbCTBO. IlycTb e E A - eflHHHii,a ajire6pbi A. IIojiojkhm f o a = 
ae. □ 

IlycTb e - 6a3iic CBo6oflHOH ajire6pbi A na^ kojibi^om D. Ecjih ajire6pa A HMeeT 
e/i,HHHn,y, nojiojKiiM cq - eflHHHD;a ajire6pbi A. 

TeopeMa 3.2.10. Ilycmb e - 6a3uc ceo6odHou aAze6pu A nad KOAby,OM D. Ilycm'b 

a = a^Ci b = b'ci a,b ^ A 
UpouaeedcHue a, b modkho noAyHum'b cozAamo npaeuAy 
(3.2.4) (ab)'' = B^ja'V 



■^■^yTBep^KfleHHe TeopeMti onnpaeTCH na paBencTBO [14]- (2.4). 
^■^OnpeflejieHHe ^aHO Ha 6a3e aHajiorHMHoro onpe^ejieHHH b [14], c. 13 
^■^OnpeflejieHHe ^aHO Ha 6a3e aHajioriiMHoro onpe^ejienHH b [14], c. 14 



3.3. JIhhchhoc OTo6pa>KCHHC ajirc5pbi 
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zde j - CTpyKTypHbie KOHCTaHTBi ajire6pi>i A nap KOJibLi;oM D. Upouaee- 
dcHue 6a3UCHUx ecKmopoe e aABe6pe A onpedeAeno cozAamo npaeuAy 

(3.2.5) eiCj = B^-ek 

^OKASATEJTbCTBO. PaseHCTBO (3.2.5) HBjiJieTca cjieflCTBHeM yTBepscflemiH, 
HTO e sBjiHeTCH 6a3HCOM ajire6piji A. TaK xax npoHSBCfleHHe b ajire6pe sbjihctch 
GHjiiiHeiiHbiM OToGpajKCHHeM, to npoHSBeflCHHe a h 6 mojkho aanHcaTb b bh^b 



(3.2.6) ab = a'V 
Ha paBCHCTB (3.2.5), (3.2.6), cjie^yeT 

(3.2.7) ab = a'VB^-ek 

TaK KaK e sBjiHeTca 6a3HCOM ajire6pbi A, to paBencTBO (3.2.4) cjie^yeT h3 paseH- 
CTBa (3.2.7). □ 

TeopeMa 3.2.11. Ecau aAge6pa A KOMMymamueHa, mo 

(3.2.8) Bf. = BJ. 

Ecau aAze6pa A accov,uamueHa, mo 

(3.2.9) Bf^Bl,=BlB^, 

/],OKA3ATEJibCTBO. /],jiH KOMMyTaTHBHOH ajireGpbi, paBCHCTBO (3.2.8) cjie^yeT 
H3 paBencTBa 

Jijia accoiiHaTHBHOH ajire6pbi, paBencTBO (3.2.9) cjie^yeT h3 paBCHCTBa 

{eiej)ek = ei{ejek) 

□ 

3.3. JiHHeHHoe OTo6pajKeHHe ajire6pti 

Ajire6pa HsjiaeTCH kojibi^om. OToSpajKeHHC, coxpaHHiomee CTpyxTypy ajire6- 
pbi KaK KOjii>ii,a, Ha3biBaeTCH roMOMop4)H3MOM ajire6piji. OpjiaKO fljisi nac sajK- 
Hee yTBepjKfleHHe, ^^to ajire6pa HBjiaeTca MO^yjieM nap, KOMMyTaTHBHbiM KOjibn,OM. 
OToSpajKCHHe, coxpanHiomee CTpyxTypy ajire6pbi KaK MO^yjia, Ha3i>iBaeTca jinneii- 
HbiM OTo6pa>KeHHeM ajire6pbi. TaKHM o6pa30M, cjie^yromee onpeflejieHHe onnpaeT- 
CH Ha onpeflejieHHC 3.1.6. 

Onpe/i;ejieHHe 3.3.1. IlycTb Ai ii A2 - ajire6pbi Ha.p kojibi^om D. MopeJjiaM 

g : Ai^ A2 

npeflCTaBjiCHHa KOJibii,a D b aSejiesoH rpynne Ai b npe/i,CTaBjieHHe KOjibD;a D b 
a6ejieB0H rpynne A2 nastiBaeTCH jiHHeHHbiM OTo6pa:>KeHHeM £'-ajire6pbi Ai 
B £'-ajire6py A2. OSosnanHM C{Ai; A2) MHOJKecTBO jinHennbix OTo6pajKeHHH 
ajire6pbi Ai b ajire5py A2. □ 

TeopeMa 3.3.2. JIuneuHoe omo6pacnceHue 

g -.Ai^ A2 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



D-aAae6pu Ai e D-aAae6py A2 ydoeAemeopnem paeencmeaM 

g o [a + b) = goa + gob 
(3.3.1) < g o [pa) ^ pg o a 

a,b e Ai p e D 

^OKASATEJibCTBO. CjieflCTBHe TeopcMM 3.1.7. □ 
TeopeMa 3.3.3. PaccMompuM aAze6py Ai u aAge6py A2. Uycmb omo6pa^iceHusi 

f:Ai^A2 
g:Ai^A2 

jieMJiTomcji AUHeilHUMU omo6pacHceHUJiMU. Tozda omoBpaMcenue f + g, onpedeAen- 
Hoe paeeHcmeoM 

{f + g)oa = foa + goa 
maKotce sieAfiemcsi auhcuhum. 

/]^OKA3ATEJibCTBO. YTBepjic^eHHe TeopeMBi cjie^yeT hs Li,enoHeK paBencTB 
(/ + .9) ° + y) =/ °{x + y)+9°{x + y) = .fox + foy + gox + goy 

=if + 9)° x + {f + 9) ° y 

if + 9)° {px) =f ° (px) +9° (px) ^ pf o X + pg o X 
^P{f + 9)°x 

□ 

TeopeMa 3.3.4. PaccMompuM ameBpy Ai u aAze6py A2. Uycmb omo6pacitceHue 

g:Ai~^A2 

jieAJiemcM auhcuhum omo6pa3tceHueM. Tozda omo6pacnceHUM ag, gb, a, b € A2, 
onpedeACHHue paeencmeaMU 

(ag) o X ~ a g o X 
(gb) o X = g o X b 

maKMce MeAjnomcji auhcuhumu. 

flOKASATEJTbCTBO. YTBep^KfleHHe TeopeMbi cjieflyeT h3 ii,enoieK paBencTB 
{ag) o {x + y) =a g o {x + y) = a {g o X + g oy) ^ a g o X + a g oy 
= {ag) OX + [ag) o y 
(ag) o (jjx) =a g o {j)x) ~ ap g o x = pa g o x 
~p (ag) o X 

(gb) o{x + y)^go{x + y)b^{gox + goy)b = goxb + goyb 
^{gb) OX + (gb) oy 
[gb) o (jpx) ~g o (px) b ~ p g o x b 
^p (gb) o X 

□ 



3.3. JIhhchhoc OTo6pa>KCHHC ajirc5pbi 
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TeopeMa 3.3.5. PaccMompuM ame6py Ai u aAze6py A2. Uycmb omo6paafceHue 

g:Ai~^A2 

jiBMJiemcM AUHeuHUM omo6pacHceHueM. Tozda omo6paaiceHUJi pg, p € D, onpede- 
ACHHoe paeeHcmeoM 

(pg) o X = p g o X 

muKcuce sieAfiwmcfi AuneuHUMU. Upu smoM eunoAHtiemcsi paeencmeo 

piqg) = {pq)9 
{p + q)9 = pg + qg 

^OKASATEJibCTBO. YTBepjKfleHHe TeopeMbi cjie^yeT ii3 rtenoi^eK paBencTB 
{pg) o [x + y) =p g o (x + y) = p {g o x + g o y) = pgox+pgoy 
^{pg) OX + (pg) o y 
(pg) ° il^') ~P g ° (q^) ~pqg°x = qpgox 

=q (pg) ° X 

{p{qg)) o X =p (qg) ox^p{qgox) = {pq) gox = {{pq)g) o x 
Hp + q)g) ° x =(p + q)gox=pgox + qgox = (pg) ox + (qg) o x 

□ 

TeopeMa 3.3.6. Uycmb D - KOMMymamueHoe KOAbu,o c eduHWueu. PaccMompuM 
D-aAze6py Ai u D-aAze6py A2. MHOofcecmeo C{Ai] A2) neAsiemcfi D-ModyACM. 

^OKASATEJibCTBO. TeopeMa 3.3.3 onpe^ejiHeT cyMMy jiHHeiiHbix OTo6pa}Ke- 
HHH H3 _D-ajire6pbi Ai b D-ajire6py A2. IlycTb f,g,hG A2). Jin^i JiioSoro 

a e Ai 

{f + g)°a =f oa + goa = goa + foa 
={g + ,/) ° a 

((/ + g) + h) o a =(/ + g)oa + hoa = {foa + goa) + hoa 
=f o a + (g o a + h o a) = f o a + [g + h) o a 
=(/ + (.9 + h))oa 

CjieflOBaTCJiBHO, cyMMa jiHHeHHbix OTo6pa>KeHHH KOMMyiaTHBHa h accon,HaTHBHa. 
OTo6pajKeHHe z, onpeflejienHoe paBencTBOM 

z o X = 

HBjiaeTCH HyjieM onepaLi,HH cjiojKeHHa, Tax KaK 

(z + f) o a = z o a + f o a = + f o a = f o a 
^jia sa^aHHoro OTo6pajKeHHs / OTo6pa}KeHHe g, onpeflejietiHoe paseHCTBOM 

g o a = —f o a 

yflOBjieTBopHCT paBencTBy 

f + g = z 

TaK KaK 

{f + g)oa~foa + goa^foa — foa = 
Cjie/lOBaTejiBHO, MHO>KecTBO A2) HBjiaeTca aGejieBoii rpynnoft. 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



Hs TeopeMM 3.3.5 cjie^yeT, hto onpe^ejieHHO npeflCTaBjieHHe KOjibii,a D b a6e- 
jieBoii rpynne C{Ai]A2). TaK xax KOjibD;o D HMeeT eflimimy, to corjiacHO TeopeMe 
3.1.1 yKasaHHoe npeflCTaBjieniie 34)4)eKTHBHO. □ 

3.4. Ajire6pa C{A; A) 

TeopeMa 3.4.1. Ilycmb A, B , C - ame6pu nad KOMMymamueHUM KOAti^oM D. 
Uycmt) f - jiuHeixHoe omo6pacnceHue U3 aAge6pu A e aAze6py B. Uycmb g - auhcu- 
Hoe omo6pacHceHue U3 aAzeOpu B e aAzeOpy C. OmoGpaMCCHue go f, onpedeAeuHoe 
duazpaMMOu 




sienfiemcsi muhcuhum omo6pacitceHueM U3 aAze6pu A e aAze6py C . 

^OKASATEJTbCTBO. /],0Ka3aTejiBCTB0 TeopeMbi cjieflyei h3 i^enoHCK paBCHCTB 
{g o f) o {a + b) = g o {f o {a + b)) = go{f oa + f ob) 

= g o if o a) + g o {f o b) = {g o f) o a + {g o f) o b 
{9° f)o (pa) =go{f o (pa)) ^ g o (p f o a) ^ p g o {f o a) 
= P {90 f)oa 

□ 

TeopeMa 3.4.2. Ilycmb A, B , C - aAze6pu nad KOMMymamueHUM KOAti^oM D. 
nycmt f - AUHCUHoe omo6paDfceHue us aAze6pu A e aAge6py B. Omo6pacHceHue f 
nopoDKdaem auhcuhoc omo6paMceHue 

r-.ge C{B; C)^gofe C{A- C) 
^OKASATEJibCTBO. /],0Ka3aTejiBCTB0 TeopeMbi cjiefsyei h3 i^enonex paBencTB 
((.91 + 92) o /) o a = (51 + 92) o{f oa) = gi o (./ o a) + 52 o (f o a) 
= (51 ° /) ° a + {92 o /) o a 
= (.91 ° f + 92° f)oa 
((w) ° f)°a^ ipg) o {f o a) p g o {f o a) ^ p {g o f) o a 
= {p{9° f))°a 

□ 

TeopeMa 3.4.3. Ilycmb A, B , C - aAze6pu nad KOMMymamuenuM KOAbu,OM D. 
Ilycmb g - auhcuhoc omo6paotceHue U3 aAze6pu B e aAze6py C . OmoBpaoKCHue g 
nopoDfcdaem AuneuHoe omo6pa3fceHue 

g*:feC{A;B)^gofe£{A;C) 



3.5. TcH3opHoc npoHBBeflCHHC ajirc6p 
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^OKASATEJTbCTBO. floKasETejiBCTBO TeopeMbi cjieflyeT h3 D;enoHeK paeeHCTB 
(5 ° (/i + /2)) o a = .g o ((/i + /2) o a) = .9 o (/i o a + /2 o a) 

= .9 o (/i o a) + 5 ° (/2 o a) = (ff o /i) o a + (5 ° /2) o a 
= (.9 ° /i + 9° h)°a 
{9 ° (Pf)) oa = go {{pf) oa) = go{p (/ o a)) = p g o {f o a) 
= P {9 ° f) ° a = {p{g o /)) o a 

□ 

TeopeMa 3.4.4. Ilycmb A, B , C - aAze6pu Had KOMMymamueHUM KOA-bti^oM D. 
Omo6pacnceHue 

o : (5, /) e C{B; C) x C{A- B) ^ g o f e C{A- C) 

jiBMJiemcM 6uAUHeuHUM omo6pajtceHueM. 

^OKASATEJibCTBO. TeopeME HBjiHeTca cjieflCTBHCM TeopcM 3.4.2, 3.4.3. □ 

TeopeMa 3.4.5. Ilycmb A - aAze6pa Had KOMMymamueHUM KOAbv^oM D. ModyAb 
C{A]A). ocHam,eHHuu npouaeedenueM 

(3.4.1) o : (.9, /) G C{A- A) x C{A- A) ^ g o f e C{A; A) 

MBAJiemcM aAze6pou Had D. 

^OKASATEJTbCTBO. TeopeME HBjiHeTCH cjieflCTBHCM onpeflejieHHa 3.2.1 h tco- 
peMbi 3.4.4. □ 

3.5. TeH3opHoe npoH3Be/i;eHHe ajire6p 

Onpe/i;ejieHHe 3.5.1. IlycTb D - KOMMyTaTHBHoe KOjibu,o. XlycTb Ai, An, S - 
D-Mopyjm. Mbi 6yfleM nasbiBaTb OToGpajKeHne 

/ : Ai X ... X A„ ^ S 

nojiHJiHHeiiHbiM OTo6pa»ceHHeM MO/i,yjieH Ai, An b MO^yjib S, ecjin 

/ o (ai, ...,aj + bi, an) = f o (oi, a^, ...,a„) + / o (ai, bi, an) 

f o (oi, ■■■,pai, an) = pf o (ai, a,;, ...,a„) 

1 < i < n ai,bi £ Ai p E D 

□ 

Onpe/i;ejieHHe 3.5.2. IlycTb D - KOMMyiaTHBHoe accoii,HaTiiBHoe KOjibD;o. nycTb 
Ai, An - £'-ajire6pbi 11 S - D-Mopyjib. Mbi 6y;i,eM nasbiBaTb OToSpajKCHHe 

f : Ai X ... X An ^ S 

nojiHjiHHeHHMM OTo6pa»ceHHeM ajire6p Ai, An b Mo;i,yjib S, ecjiii 

/ o (ai, ...,ai + bt, an) = f o (ai, at, ...,a„) + f o (ai, bi, an) 

f o (ai, ...,pai, ...,an) = pf o {ai, ...,ai, ...,an) 

1 < i < n ai,bi E Ai p E D 
05o3HaHiiM C{Ai, An', S) MHOscecTBO nojiHjiHHeiiHbix OTo6pajKeHHH ajire6p Ai, 

An B MO/iyjIb S. □ 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



Onpe/i;ejieHHe 3.5.3. IlycTb Ai, An - CBo6oflHbie ajire6pbi nafl KOMMyTaTiiB- 
HbiM KOjii>Ei,OM D."^'^ PaccMOTpiiM KaTcropHK) A oGteKTaMH KOTopoit HEjiaiOTCH no- 

JIHJIHHeilHBie Hafl KOMMyTaTHBHbIM KOJIIjD;OM D 0T06pa>KeHHH 



/ : Ai X ... X A,-, 



g : Aix ...X A,, 



So 



vpfi Si, S2 - Mo;i,yjiH Ha/], kojiijLi;om D. Mbi onpeflejiHM Mop4)H3M f ^ g Kax jih- 
HCHHoe Hafl KOMMyTaTHBHBiM KOJii>n,OM D OTo6pa»ceHHe h : Si — >■ ^2 , fl^Jisi KOToporo 
KOMMyTaTHBHa ;i,HarpaMMa 

Si 



Ai X ... X A 




ymiBepcajiBHtiH oGteKT Ai^...(E)An KaTeropim A nasbiBaeTCH xeHsopHbiM 
npoHSBe^eHHGM ajireGp Ai, An- □ 

TeopeMa 3.5.4. TenaopHoe npouaeedenue aAze6p cymecmeyem. 

^OKASATEJibCTBO. HycTb Af - MOflyjib Hafl KOjibLi,OM D, nopojKfleHHbiii npo- 
HSBe^eHHeM Ai x ... x An ajire6p Ai, A„. HHi.eKLi.HH 

i : Ai X ... X An — 



onpeflejiena no npaBiijiy 

(3.5.1) i o (di, ...,dn) = {di, ...,d„) 
IlycTb N G M - noflMOflyjib, nopoiKfleHHbiii sjieMeHTaMH BH^a 

(3.5.2) {di, ...,di + Ct, ...,dn) - {di, ...,di, ...,dn) - {di, ...,Ct, ...,dn) 

(3.5.3) (di, ...,adi, d„) - a(c?i, d^, (i„) 
Tflfi di S Ai, Ci G A;, a £ D. IlycTb 

j : M M/N 

KaHOHHHecKoe OTo6pa>KeHHe na 4)aKTopMO/i,yjiij. PaccMOTpiiM KOMMyTaTHBHyio flua- 
rpaMMy 



(3.5.4) 



Ai X ... X An 




M/N 



HocKOjibKy sjieMCHTbi (3.5.2) 11 (3.5.3) npHHa^jiejKaT aflpy jiraeHHoro OToGpajKe- 
HiiH j, TO 113 paBCHCTBa (3.5.1) cjiepyei 

(3.5.5) / o (di, ...,d^ + a, ...,dn) =.f o (di, ...,di, ...,dn) + / o (di, ...,c,;, ...,(i„) 

(3.5.6) /o (di,...,a(ii,...,(i„) =a f o (di, di, d„) 



'^•''jl onpe/i,ejiHK3 TeHSopnoe npoHSBeflenHe ajire6p no anajiorHH c onpe^ejieHHeM b [1], c. 456 
458. 



3.5. TcH3opHoc npoHSBeflCHHC ajirc6p 
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Ha paBCHCTB (3.5.5) h (3.5.6) cjie^yeT, hto OTo6pa}KeHHe / nojiHjiHHeiiHO na/i, kojib- 
Li;oM D. IlocKOjiBKy M - Mo;i,yjii> c 6a3HCOM Ai x ... x to. corjiacHO TeopeMe [1]-1 
Ha c. 104. fijisi jiK)6oro MO^yjiH V ii jiio6oro nojiiijiHHeiiHoro na/i, D OToSpajKCHHa 

g : Aix ... X A^ ^ V 

cymecTByeT eflHHCTBeHHbifi roMOMopcjDHSM k : M ^ V, fljia KOToporo KOMMyTaTHB- 
Ha cjieflyiomaH ^HarpaMMa 

(3.5.7) AiX...xAn 




TaK KaK g - nojinjiiiHeiiHO na^ D, to kcr k C_ N. CorjiacHO yTBep»:/i,eHHio na 
c. [l]-94, OTo6pa>KeHHe j yHHBepcajibHO b KaTeropHH tomomopcJdhsmob BeKTopnoro 
npocTpancTBa M , sippo KOToptix coflepjKHT N. CjieflOBaTejibHO, onpeflejien roMO- 

MOp4)H3M 

h : M/N V 
fljiH KOToporo KOMMyTaTHBHa flHarpaMMa 

(3.5.8) M/N 




OSteAHHaH flHarpaMMbi (3.5.4). (3.5.7), (3.5.8), nojiy^HM KOMMyTaTHBHyro jxaa,- 
rpaMMy 



(3.5.9) 



M/N 




Ai X ... X A 



TaK KaK Im/ nopojKflacT M/N, to OTo6pa>KeHHe h o;i,H03HaHHO onpeflejieno. □ 
CorjiacHO flOKasaTejibCTBy TeopcMbi 3.5.4 

Ai (g) ... ® A„ = M/N 
fljiH di G Ai Sy^eM aanHCBisaTt 

(3.5.10) j o {di,...,dn) rfi ® ... (8)fi„ 

TeopeMa 3.5.5. Uycnib Ai, An - aAseSpu Had KOMMymamueHUM KOAti^oM D. 
Uycmb 

f : Ai X ... X An -?' Ai ^ ... (g) An 
noAUAuneuHoe omoSpaotceHue, onpedeAemoe paecHcmeoM 

(3.5.11) f o{di,...,dn) = di (g) ... ® (i„ 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



Ilycm'b 

g : Ai X ... X An ^ V 
noJiuAUHeuHoe omo6pacifceHue e D-ModyAb V . Cyinecmeyem D-AuneuHoe omo6pa- 
ofcenue 



h : Ai 



>A„ 



V 



maKoe, nmo duazpaMMa 
(3.5.12) 




.®An 



Ai X ... X An 



KOMMymamuBHa. 

^OKASATEJibCTBO. PaBCHCTBO (3.5.11) cjieflyeT h3 paBencTB (3.5.1) h (3.5.10). 
CymecTBOBaHHe OToGpajKCHHa h cjie^eT h3 onpeflejienHH 3.5.3 h nocTpoenHii, bbi- 
nojiHeHHtix npH flOKasaTejibCTBe TeopeMbi 3.5.4. □ 

PaBencTBa (3.5.5) h (3.5.6) mojkho sanHcaTb b bh^b 

ai ... ® (flj + bi) (X) ... (g) a„ 

(3.5.13) 

=ai (g) ... ® (g) ... ® a„ + fli (g) ... (g 6i g) ... g) a„ 

(3.5.14) ai g) ... g) (cfli) g) ... g) a„ = c(ai (g ... g) gi ... g) a„) 

ai e Ai bi e Ai c e D 

TeopeMa 3.5.6. Ilycm'b A - ameBpa Had KOMMymamueHUM KOAt>v,OM D. Cyvjfi- 
cmeyem AuneuHoe omo6paciHzeHue 

h: a®beA®A^abeA 

^OKASATEJlbCTBO. TeopeMa HBjiaeTCH cjie^CTBHeM TeopeMbi 3.5.5 h onpe^e- 
jieHHH 3.2.1. □ 

TeopeMa 3.5.7. TensopHoe npouaeedenue Ai g) ... ® An ceo6odHux KoneuHOMep- 
Hux aAze6p Ai, An nad KOMMymamueHUM KOAhv,OM D neAfiemcsi ceo6odHou 
KOHtHHOMepHou aAze6pou. 

Uycmb Ci - 6a3uc aAze6pu Ai Had KOAti^oM D. IIpouaeoAbHuu menaop a £ 
Ai g) ... g) An M03KH0 npedcmaeumb e eude 

(3.5.15) a = a'^---*"ei.i-^ g) ... g)e„.i„ 
Mu 6ydeM naaueamb eupaotcenue a*^ ' * 



CTaHflapTHOH KOMnOHeHTOH TeH30- 



pa. 



^OKASATEJTbCTBO. Ajire6pbl Al, An HBJIHK)TCH MOflyjIHMH Ha^ KOJIbllOM 

D. CorjiacHO xeopeMe 3.5.4, Ai ® ... g) An aBjiaeTCH MO^yJieM. 
BeKTop ai € Ai HMeeT pasjiojKeHHe 



3.5. TcHsopHoc npoHSBCflCHHC ajirc6p 



33 



OTHOCHTejibHO GasHca e^. Ha paeeHCTB (3.5.13), (3.5.14) cjie^yeT 

ai (g) ... (8) a„ = ...al^"ei.i^ (g) ... e„.i„ 

TaK KaK MHOJKecTBO TCHSopoB ai (X) ... ® a„ HEjiaeTCH MHOscecTBOM o6pa3yiomHx 
MO/iyjiH Ai (g) ... (E) An, TO TeH3op a e y4i ® ... An MO>KHO sanHcaTb b BHfle 

(3.5.16) a = a''as.J\..as.;^"ei.ii (g) ... ®en-i^ 

Vpfi a^. Cs.^^, Os-^" G -F. IIOJIOJKHM 

(3.5.17) a'as.{\..as.'^ = a''-'^ 
Torfla paBCHCTBO (3.5.16) npHMei mip^ (3.5.15). 

CjieflOBaTejIBHO, MHOSKCCTBO TeH30pOB ei.ij (g) ... (E)en-i„ HBJiaeTCH MHOSCeCTBOM 

oGpaayiomnx Mo;i,yjiH ® ... (g A„. Tax KaK pasMepHOCTB Mopyjisi Ai, i ~ 1, 
n, KOHeHHa, to Konei^HO MHOJKecTBO TensopoB ei-i-^ ... (Sen-i„. CjieflOBaTejibHO, 

MHOJKeCTBO TCHSOpOB Cl-i-^ <Sl ... €5 en.i„ COflepJKHT 6a3HC MOflyjIH Al (g) ... (g) An, H 

MOflyjib (g) ... ® An HBjiHeTca CBoGo^HBiM MOflyjieM na;; KOjibD;oM D. 

Mbi onpeflejiHM npoHSBefleHne TensopoB Tnna ai ... ® a„ noKOMnoneHTHO 

(3.5.18) {di ® ... (g) d„)(ci (g) ... (g c„) = (dici) (g ... (g (d„c„) 

B nacTHOCTH, ecjiH fljiH jiio6oro i, i = I, n, ai e Ai HMeeT oGpaTHbiii, to Tenaop 

ai (g ... (g a„ e (g ... (g A„ 

HMeeT o6paTHbiH 

(ai (g ... (g a„)"^ = (ai)"^ ... (g (a„)"^ 
OnpeflejieHHe npoiiSBefleHHH (3.5.18) corjiacoBano c paBencTBOM (3.5.14) TaK 

KaK 

(ai ® ... (g) (cai) (g) ... (g a„)(6i (g ... (g 6^ (g) ... (g 6„) 
= (ai6i) (g ... (g (cai)6i (g ... (g (a„6„) 
=c((ai5i) (g ... (g (fli^i) (g ... (g (a„6„)) 
=c((ai g) ... g) a„)(6i g) ... (gi b„)) 
Ha paBeHCTBa (3.5.13) cjie^yeT flHCTpH6yTHBHOCTb yMHOJKenHH no OTHonienHK) k 

CJIOJKeHHIO 

(oi g) ... g) (g) ... g) a„) 
*((&! g) ... g) 6i (g ... g) 6„) + (hi ® ... g) Cj g) ... g) 6„)) 
= (ai g) ... g) g) ... (g a„)(&i g) ... g) (6,; + a) (g ... g) &„) 
= (ai6i) g) ... g) (aj(6j + a)) g) ... g) (a„6„) 

(3.5.19) =(ai&i) g) -.■ g) (oi&i + a^Ci) g) ... g) (a„6„) 
= (aifoi) g) ... g) (oi&i) g) ... g) (a„6„) 

+ (aifoi) g) ... g) (ojCi) (g ... g) (a„&„) 

= (ai g) ... g) g) ... g) a„)(&i g) ... g) 6i g) ... g) 6„) 

+ (ai g) ... g) g) ... g) a„)(&i g) ... g) Ci g) ... g) 6„) 

PaBencTBO (3.5.19) nosBOjiaeT onpe^ejiHTb npoHSBeflenHe jijisi jiK)6bix TenaopoB a, 
b. □ 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



SaMenaHHe 3.5.8. CorjiacHO saMenaHHio 3.2.2, mbi MOJKeM onpeflejiiiTb pasjiiin- 
Hbie CTpyKTypbi ajire6pi>i b tchsophom npoiiSBefleHHH ajire6p. HanpHMep, ajire6pbi 
Ai <Si A2-, Ai iSi A2, Al ® A2 onpeflejieHBi na o^hom h tom jkb MOflyjie. □ 

TeopeMa 3.5.9. Uycmt - 6a3uc aAze6pu At Had kom>v,om D. Uycmb Bi.j^j - 
cmpyKmypHue KOHcmaHmu ameOpu Ai omHocumeAbHO 6a,3uca . CmpyKmypHue 
KOHcmaHmu menaopHogo npouseedenue Ai<Si ■■■'Si An omHocumeAbHo 6a3uca ei-i^ (S 
■ ■■®en-i„ uMemm end 

(3.5.20) i?t;::t^....^„ = ^itu-^-t^„ 

^OKASATEJlbCTBO. Henocpe;];cTBeHHoe nepeMHOJKeHHe TensopoB ei-i^ S ... <E) 

(ei.fci ® ... e„.fc„)(ei.;i ® ... (8)e„.(„) 
=(ei.feiei.j J (g) ... (g) (e„.fc„e„.j,J 

(3.5.21) =(ei.feiei.j J g) ... ® {e^.k^en-i^) 

= iBi-ti,ei.j,) ® ... S {Bn-iliJn-jJ 

=Bi-l\h-Bn-lliJi-n <^ - ® e„.j„ 
CorjiacHO onpeflejienHio CTpyKxypHBix KOHCTaHT 

(3.5.22) (ei-A.^ (g) ... (8)e„.fc„)(ei.(i ... (g)e„.;„) = -8.1^ .jj...;„(ei.ji (g ... (ge^.j^) 

PaBencTBO (3.5.20) cjie^yeT h3 cpaBHeniia (3.5.21). (3.5.22). 
H3 Li,enoT^KH paBencTB 

(ai g) ... g) a„)(5i g) ... g) 6„) 

= (a^ei.fci (g ... g) a^"e„.fe„)(6i^ei.,, g) ... g) 6^"e„.j,J 

=a^...a;;"6i\..&^"(ei.fe, g) ... (g e„.fc J(ei.(, (g ... g) e„.,„) 

=«?^-an"^'^-&L"5.t'.'.'.t:-U...iJei.j, ... <ge„.,J 

=a^...a^6'l^..&i"Bl.{^^,^ ...S„.{;,^(ei.j, g) ... e„.,„) 

= (a^^6'i^ Si.i^j^ei.,- J g) ... g. {atb'-Bn-iliJn-jJ 
=(ai6i) g) ... g) (a„&„) 

cjie^yeT, ^^to onpeflejiCHiie npoiiSBe^eHHH (3.5.22) co CTpyKTypHtiMii KOHCTaHTaMH 
(3.5.20) corjiacoBano c onpeflejiCHneM npoHSBefleHHH (3.5.18). □ 

TeopeMa 3.5.10. /],am mcHsopoe a, b ^ Ai ® ■■.®An cmaHdapmHue KOMnoHewmbi 
npouaeedenuH ydoeAemeopHmm paeencmey 

(3 5 23) {aby--^- = BiX:±^.i^^,,^a''----''-b'----'- 

^OKASATEJibCTBO. CorjiacHO onpcflejieHHio 

(3.5.24) ab = [aby'-'-^^ei-j^ g) ... g) e„.j„ 

B TOJKe BpeMH 

a6= a''i---'""ei.fei g) ... g) e„.fc„6''i--''"ei.(i gi ... g) e„.;„ 

(3.5.25) 

PaBencTBO (3.5.23) cjieflyei h3 paBCHCTB (3.5.24), (3.5.25). □ 
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TeopeMa 3.5.11. Ecau aAze6pa Ai, i = 1, n, accov,uamueHa, mo menaopHoe 
npouseedenue Ai (g) ... An - accoVjUamuBHasi aAze6pa. 

^OKASATEJIbCTBO. IIoCKOJIbKy 

((ei.il (81 ■■■ (8) e„.i„)(ei.ji ® ... «) e„.j„))(ei.fci ®...®e„.fe„) 
=((ei.iiei.jj (g) ... ® (e™.i„ei.j„))(ei.fei (g) ... (g e„.fc„) 
=((ei.iiei.jjei.fcj ® ... ((e„.i„ei.j„)ei.fe„) 
=(ei.ii(ei.jiei.fcj) (g ... (g) (e„.i„(ei.j„ei.fc„)) 
=(ei.ii (g) ... g> e„.i„)((ei.jiei.fcj (g ... g) (ei.j„ei.fc„)) 
=(ei.ii (g ... ig) e„.i„)((ei.ji (g) ... <g e„.j„)(ei.fci (g ... (g e„.fc„)) 

TO 

(a6)c=a*^-^"?r''i-^"c'"i-'=" 

((ei-ii <^ ■•■ e„.i„)(ei.ji (g ... ®en-j„)){ei-k^ ® ■■■ ®en-k^) 
^Qii...i„5ji...i„cfci...fc„ 

(ei.il ® ■•■ e„.i„)((ei.ji g) ... g> e„.j,J(ei.fei g) ... g)e„.fc„)) 
=a(6c) 

□ 

3.6. JlHHeiiHoe OTo6pa»ceHHe b accoLi;HaTHBHyio ajire6py 

TeopeMa 3.6.1. PaccMompuM D-aAze6pu Ai u A2. /(aji aadauHoao omoBpaMcenusi 
f e £-{Ai; A2) omo6pacHceHue 

g:A2 X A2 ^ C{Ai; A2) 
g{a,b) o / = afb 
RBAfiemcsi 6uAUHeuHUM omo6paotceHueM. 

^OKASATEJibCTBO. YTBep^KfleHHe TeopeMbi cjieflyeT 113 n.eno'^eK paBencTB 
((ai + a2)fh) o X ^ (oi + 02) f o x b ~ ai f o x b + a2 f o x b 
= (aifb) o x + (02/6) o X ~ (fli/fo + a2fb) o x 
((pa)fb) ox — {pa) f o X b = p{a f o x b) = p{{afb) o x) = {p{afb)) o x 
(a/(6i + 62)) o X ~ a f o X (bi + b2) ~ a f o x bi + a f o x b2 
= (a/61) o .T + (a/62) ox — (a/61 + a/62) o X 
{af{pb)) o X — a f o X (pb) — p{a f o x b) = p{{afb) o x) = {p{afb)) o x 

□ 

TeopeMa 3.6.2. PaccMompuM D-aAze6pu Ai u A2. JJmji aadauHoao omo6paatceHusi 
f G C{Ai; A2) cyinecmeyem AuneuHoe omo6pajtceHue 

/i : A2 g) A2 C{Ai;A2) 

onpedeACHHoe paeencmeoM 

(3.6.1) {a®b)o f = afb 

^OKASATEJibCTBO . YTBepiK/j^eHHe TeopeMbi HBjiaeTca cjie^CTBHCM TcopeM 3.5.5, 
3.6.1. □ 
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TeopeMa 3.6.3. PaccMompuM D-a./ige6pu Ai u A2. JIuneuHoe omoOpaoKeHue 

h:A2®A2^ *C{Ai;A2) 

onpedeAtHHoe paeeHcmeoM 

(3.6.2) {a®b)of = afb a,b e A2 feC{Ar,A2) 

jieAMemcsi npedcmaeAeHueM^'^'^ ModyAsi A2 ® A2 e Modyjie £(Ai; A2). 

flOKASATEJTbCTBO. CorjiacHO TCopcMe 3.3.4. OTo6pa}KeHHe (3.6.2) HBjiaeTCH 
npeo6pa30BaHiieM MO^yjiH C{Ai \ ^2). JXi^^ ;i,aHHoro Tensopa c € A2 <Si A2 npeo6pa- 
soBaHHe h(c) HEjiaeTCH jiimeftHbiM npeo6pa30BaHHeM MOfiynsi C{Ai;A2), tbk KaK 

((a ® b) o (/i + /2)) o X = (a(/i + f2)b) o X = a((/i + /z) o x)b 

= a(/i o a; + /2 o x)b = a(/i o x)b + a(/2 o x)b 

= (a/16) o a- + (a/26) o a; 

= (a (8) 6) o /i o a- + (a (x) 6) o /2 o X 

= ((a «) 5) o /i + (a ® 6) o /a) o a; 

((a (g) 6) o (p/)) o a; = {a{pf)b) ox^ a{{pf) o a;)6 

= a{p / o a;)6 = pa(/ o a;)6 

= p (afb) o X ~ p ((a (E) b) o f) o X 

= {p{{a (g) 6) o /)) o X 

CorjiacHO TeopeMe 3.6.2, OTo6pa>KeHHe (3.6.2) aBjiaeTca jiHHeiiHbiM OTo6pa}KeHHeM. 
CorjiacHO onpe/i,ejieHHio [7]-2.1.4 OToSpajKCHHe (3.6.2) HBjiHeTca npeflCTaBjieHHCM 
MOflyjiH A2 (E) A2 B MOflyjie C{Ai] A2). □ 

TeopeMa 3.6.4. Ilycmti A - anzeOpa Had KOMMymamueHUM KOAbv,oM D. AAze6pa 
A® A, e Komopoti npouaeedenue onpedeAeno cozAacno npaeuAy 

(3.6.3) {a®b)o{c®d) = {ac)®{db) 

nopoofcdaem npedcmaeAenue e ModyAC C{A]A). 9mo npedcmaeAenue noseoAJiem 
omoatcdecmeumb mensop d £ A<® A c npeo6pa3oeaHueM do 5, gde 6 - mostcdecmeeH- 
Hoe npeo6pa3oeaHue. 

flOKASATEJibCTBO. CorjiacHO TeopcMC 3.6.2, OToGpaaceHHe / G C{A; A) h 
TCHSop d G A (E) A nopojKflaiOT OTo6pa}KeHHe 

(3.6.4) x^{dof)ox 

EcjiH Mbi nojiojKHM f ^ S, d ^ a (E b, TO paBencTBO (3.6.4) npHo6peTaeT bh^ 

(3.6.5) ((a E) b) o S) o X ~ (aSb) ox = a{Sox)b = axb 

EcjIH MBI nOJIOJKHM 

(3.6.6) ((a 6) o (5) o X = (a ® 6) o ((5 o a;) = (a (g) 6) o a; 

TO cpaBHCHHe paBCHCTB (3.6.5) H (3.6.6) ;i,aeT ocHOBauHe OTOJKflecTBiiTb fleiicTBHe 
TCHSopa a ® b c npeo6pa30BaHneM (a g) 6) o 6. CjieflOBaTejibHO, OTo6pajKeHHe 

(3.6.7) d(^ A(g, A^ do5 £ C{A;A) 
HBjiHeTCH roMOMop(J)H3MOM MOflyjiH A (E) A B MOflyjiB £-{A; A). 



3.10, 



OnpeflejieHHe npeflCTaBjieHHH ri-ajire6pbi flano b onpeflejieHnii [7]-2.1.4. 
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0To6pa>KeHHe (3.6.7) HEjiaeTCH TRKJKe roMOMop4)H3MOM ajireSp, TaK KaK npo- 
HSBeflCHHe npeo6pa30BaHHH a 6 h c (g) d HMeei bh/i, 

((a (g) b) o {c (g) d)) o X ^ {(ac) (g (db)) o x 

= {ac)x(db) 

= a{cxd)b 

= (a ® 6) o (cxd) 

= (a(8)6) o {{c(gd) ox) 

□ 

Ha TeopcMbi 3.6.4 cjieflyei, hto OTo6pa>KeHHe (3.6.2) mojkho paccMaTpHBaTb 
KaK npoH3Be;i,eHiie OTo6pa}KeHHH a(gb n f. 3to nosBOjiaeT BMecTO npe/i,CTaBjieHHH 
MO^yjiH A2(E) A2 B Mo;i,yjie C{Ai] A2) paccMaTpHBaTb npe;];cTaBjieHHe ajire6pbi A2 ® 
A2 B MOflyjie L{Ai]A2). 

TeH3op a e A2 ® A2 HeBbipo»c/i;eH. ecjiH cymecTBycT TCHSop b E A2 ® A2 
TaKoii, HTO a o b ~ 1 ® 1. 

Onpe/i;ejieHHe 3.6.5. PaccMOTpHM npeflCTaBjienne ajire6pbi A2 ® A2 b MOflyjie 
£(^1; As).''' " OpGHToii jTHHeiiHoro OTo6pa:>KeHHH / S C{Ai\A2) nasbiBaeTCH 

MHOJKCCTBO 

{A2® A2) o f = {g = do f : d e A2® A2} 

□ 

TeopeMa 3.6.6. PaccMompuM D-aAze6py Ai u accoij,uamu6Hym D-ameBpy A2. 
PaccMompuM npedcmaeneHue aAze6pu A2 ® A2 e ModyAC £(^1; A2). OmoSpaotce- 
Hue 

h: Ai ^ A2 

nopoofcdeHHoe omoOpaMcenueM 

f -.Ai^ A2 

UMeem eud 

h = {as-o ® as-i) o f = Qs-ofas-i 

^OKASATEJIbCTBO. npOHSBOJIBHblH TCHSOp fl G ^2 ® ^2 MOJKHO HpeflCTaBHTB 
B BH/I,e 

a ~ ag.Q ® tts-i 

CorjiacHO TeopeMe 3.6.3, OTo6pa>KeHHe (3.6.2) jihechho. 3to flOKasbiBacT yTsep- 
>KfleHHe TeopeMbi. □ 

TeopeMa 3.6.7. nycmb A2 - aAze6pa c eduHuu,eu e. nycmb a € A2 <Si A2 
HeeupoDtcdeHHuil mcHsop. Op6umu AuneuHux omo6paatceHuu f G C{Ai] A2) u g = 
a o f coenadamm 

(3.6.8) {A2®A2)of = {A2®A2)og 

'^■-'^-'^OnpeflejieHHe flano no anajiorHH c onpeflejienneM [7J-2.4.12. 
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^OKASATEJTbCTBO. EcjIH h G {A2 ® A2) o TO CymeCTByeT b e A2 ® A2 

TaKoe, HTO h = bog. Tor^a 

(3.6.9) h = bo{ao f) ^ {boa)o f 
CjieflOBaTCjiBHO, h G {A2 ® ^2) o /, 

(3.6.10) iA2 (E) A2) o g c iA2 (E> A2) o f 
TaK KaK a - HeBbipojKfleHHbiii TCHSop, to 

(3.6.11) f^a-'og 

EcjiH h £ {A2 A2) o /, TO cymecTByeT & G ^2 ® ^2 TaKoe, hto 

(3.6.12) h^bof 
H3 paBCHCTB (3.6.11), (3.6.12), cjicflycT, ^^to 

h = b o (a~^ o g) = [b o a^^) o g 
CjICflOBaTCJIBHO, h £ (A2 (E) A2) o g^ 

(3.6.13) iA2 (gi A2) o f c{A2 (3 A2) o g 

(3.6.8) cjicflycT h3 paBCHCTB (3.6.10), (3.6.13). □ 

Hs TeopcMbi 3.6.7 TaioKC cjicflycT, ^to, ccjih g = a o f h aG^2<8'^2 - 
BbipojKfleHHbiit TCHSop, TO OTHomcHHC (3.6.10) BcpHO. OflHaKO ocHOBHOii pesyjib- 
TaT TeopcMBi 3.6.7 coctoiit b tom, hto npeflCTaBjiCHHH ajirc6pbi A2 ® A2 'b MO^y- 

JIC C{Al] A2) nOpOJKflaCT OTHOmCHHC SKBHBajICHTHOCTH B MOflyjIC C{Al]A2). Ecjiii 

yfla^iHO BbiGpaTb npc/i,CTaBHTCjiH KajK^oro Kjiacca aKBHBajiCHTHOCTH, to nojiy^CH- 
Hoe MHOJKCCTBO 6yfleT mhojkcctbom o6pa3yioiii,Hx paccMaTpHBacMoro npe^CTaBjie- 

3.7. JlHHeHHoe OTo6pa:>KeHHe b CBo6o/i;Hyio KoneHHO Mepnyio 
accoLi;HaTHBHyK) ajire6py 

TeopeMa 3.7.1. Uycmb Ai - aAze6pa Had KOAti^oM D. Uycmb A2 - ceoBodnan ko- 
HCHHo MepnaM accov,uamueHaji aAze6pa Had KOAhi^oM D. Uycmb e - 6a3uc aAze6pu 
A2 Had KOAbi^oM D. Omo6pamceHue 

(3.7.1) 9 = aof 

nopoDfcdeHHoe omo6pajtceHueM f £ [Ai] A2) nocpedcmeoM menaopa a £ A2® A2, 
UMeem cmaHdapmHoe npedcmaeAenue 

(3.7.2) g = a'^ (e^ ® e, ) o / = a'^eifej 

^OKASATEJTbCTBO. CorjiacHO TcopcMC 3.5.7, CTaHflapTHOc npcflCTaBjicHHC tch- 
3opa a hmcct bh^ 

(3.7.3) a = a'-^ei®ej 

PaBCHCTBO (3.7.2) cjicflycT h3 paBCHCTB (3.7.1), (3.7.3). □ 



'^■"'^^MHOjKecTBO o6pa3yiomiix npeflCTaBjiCHiiH onpeflejieno b onpe^ejieHHn [7]-2.6.5. 



3.7. JlHHeiiHoc OTo6pa>KCHHC b CBo6oflHyio kohciho Mcpnyio accoijHaTHBHyio ajirc5py 



39 



TeopeMa 3.7.2. Uycmb ei - 6a3uc ceo6odHou kohchho Mepnou D-aAge6pu Ai. 
Uycmb £2 - 6a3uc ceo6odHou kohbuho Mepnou accov,uamueHou D-aAze6pu A2. 
Uycmb B2-'^i - cmpyKmypnue KOHcmaHmu aAze6pu A2. Koopdunamu omo6paMce- 

HUSi 

g = ao f 

nopoMcdeHHOzo omo6paatceHueM f g (Ai; A2) nocpedcmeoM meH3opa a G A2 (E> A2, 
u 680 cmaHdapmHue KOMnoHeHmu ceaaanu paeeHcmeoM 

(3.7.4) gj- = /r5^^i?2.Li32.^, 

^OKASATEJTbCTBO. OTHOCHTejIbHO 6a3HCOB Bl H 62, JIHHeHHfcie 0T06pa}KeHHH 

f II g HMeiOT Bii/i, 

(3.7.5) fox = fix^e2.i 

(3.7.6) g°x ^ g]x^e.2-i 
Ha paseHCTB (3.7.5), (3.7.6), (3.7.2) cjie^yeT 

^ giX%.k= a*^e2.i//"a;'e2.me2.j 

= a'^frx'B2.^^B2.^^je2.k 

Tax KaK BSKTOptl e2-k JIHHeilHO HeSaBUCHMBI H npOHSBOJIBHIjI, TO paBCHCTBO 

(3.7.4) cjieflyeT h3 paBencTBa (3.7.7). □ 

TeopeMa 3.7.3. Uycmb ei - 6a3uc ceo6odHou kohchho Mcpnou D-aAzc6pu Ai. 
Uycmb £2 - 6a3uc ceoSodnou kohchho Mcpnou accov,uamueHou D-aAZc6pu A2. 
Uycmb B2-'^i - cmpyKmypnue KOHcmanmu aAzc6pu A2. PaccMompuM Mampui^y 

(3.7.8) B^{Bt-i3) = {B2.^i^B2.l,) 

cmpoKU Komopou npoHyMcpoeanu undcKCOM u cmoA6y,u npoHyMcpoeanu uh- 
dcKCOM -ij . EcAU Mampuv,a B HeeupoDfcdena, mo Oaji 3adaHHUx Koopdunam au- 
HeuHOZo npeo6pa3oeaHUH gl. u Bam omo6pacHccHUM f ~ S , cucmcjvia auhcuhux 
ypaeHCHUu (3.7.4) omnocumcAbHO cmandapmnux KOMnoHcnm 3mozo npco6pa306a- 
HUK g''^ uMcem eduHcmecHHoe pemcHuc. 

EcAU Mampima B eupocucdena, mo ycAoeucM cyinecmeoeanuji pcmenusi cucme- 
Mu AUHCUHUX ypaBHCHUu (3.7.4) jiBAJicmcM paecHcmeo 

(3.7.9) rank(Fi.^,- gl)^mnkB 

B 3moM CAynac cucmcMa auhcuhux ypaeucHuu (3.7.4) UMcem Bcckohchho mhozo 
pcmcHuu u cyujjCcmeycm auhcuhum saeucuMocmb MCMcdy ecAUHunaMU gj^, . 

^OKASATEJTbCTBO. YTBepjKfleHHe TeopeMbi HBjiaeTCH cjieflCTBiieM TCopHii jiii- 
HeiiHbix ypaBneHHii na^ kojiijLi;om. □ 

TeopeMa 3.7.4. Uycmb A - ceoBoduan kohchho Mcpuan accou,uamueHasi aAzc6- 
pa Had KOAbVjOM D. Uycmb e - 6a3uc aAzc6pu A Had koauu^om D. Uycmb B^^ 
- cmpyKmypnue KOHcmaumu aAzc6pu A. Uycmb Mampuu,a (3.7.8) eupoatcdcna. 
Uycmb AUHcuHoc omo6paatccHuc f G C{A] A) HceupoofcdcHo. Ecau Koopdunamu 
AUHCUHUX npco6pa3oeaHuu fug ydoeAcmeopsimm paecHcmey 



(3.7.10) rank gt ft) 



rank B 
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7710 cucmcMa jiuhcuhux ypaenenuu 

(3.7.11) 9i=fr9''B^^^B';^ 
UMeem BecKOHeuHO mhozo pemeHuu. 

^OKASATEJibCTBO. CorjiacHO paeeHCTBy (3.7.10) h TeopeMe 3.7.3, CHCTCMa 

JIHHeftHBIX ypaBHeHHH 

(3.7.12) fit = rB^Bl^ 

HMeeT 6ecKOHeHHO mhofo peineHHfi, cooTBCTCTByiomHx jiHHeiiHOMy OTo6pa}KeHHio 

(3.7.13) / = fJei(8e,- 

CorjiacHO paBCHCTBy (3.7.10) h TeopeMe 3.7.3, CHCTeivia jiHHeftHbix ypaBHeHHH 

(3.7.14) = g^^Sf^B^^. 

HMeeT 6ecK0HeHH0 mhofo penienHii, cooTBeTCTByioni,Hx jinneiiHOMy OToGpajKemiro 

(3.7.15) g = giiei(g)ej 

OToSpajKeHHs / h g HopojKfleHbi OTo6paa{eHHeM S. CorjiacHO TeopeMe 3.6.7, oto6- 
pajKeHHe / HopojK^aeT OTo6pajKeHHe g. 3to /lOKasbiBaeT yTBepiKflenne TeopeMbi. 

□ 

TeopeMa 3.7.5. Uycmb A - ceoBodnaR kohchho Mepnan accov,uamueHafi aAze6pa 
Had KOA-bv,OM D. UpedcmaeAeHue aAze6pu A® A e aAze6pe C{A] A) UMeem kohch- 
Huu 6a3uc I . 

(1) JIuHeuHoe omo6paDfceHue f G C{A; A) UMeem eud 

(3.7.16) / = ^(a^fc.o ® flsfc i) °Ik = ^ as^-ohas^-i 

k k 

(2) Ezo cmaHdapmnoe npedcmaeAenue UMeem eud 

(3.7.17) / = a''-'j [ci ® e, ) o h = a'^-'^eihcj 

^OKASATEJibCTBO. Hs TeopeMbi 3.7.4 cjieflyeT, hto ecjiH MaTpHH,a B BbipojK- 
^ena n OTo6pajKeHHe / y;i,OBjieTBopHeT paBencTBy 



(3.7.18) rank(s-^.i,- /^) 



TO OTo6pa}KeHHe / HopojKflaeT to see caMoe MHOJKecTBO OTo6pa}KeHHH, hto HopojK- 
fleno OTo6pa}KeHHeM S. CjieflOBaTejibHO, fljiH Toro, hto6i>i hoctpohtb 6a3HC npe/i,- 
CTaBjieHHH ajire6pbi A® A b MO^yjie C{A; A) mbi ^ojijkhbi bbihojikhtb cjie^yiomee 
HOCTpoeHHe. 

MnojKecTBO pemenHH CHCTeMbi ypaBHeHHH (3.7.11) nopojKflaeT cboSopjuavl nop^- 
MO^yjib C MOflyjiH C{A; A). Mbi ctpohm 6a3HC (ft,i, ...,hk) no^MOflyjia C 3aTeM pp- 

HOJIHHeM 3TOT 6a3HC JIHHeHHO HeSaBHCHMblMH BeKTOpaMH ft.fe+1, km, KOTOpbie He 

HpHHafljiejKaT HOflMOflyjiio £, trkhm o6pa30M, hto mho^kbctbo bbktopob hi, hm 
HBjiaeTCH 6a3HCOM Mopyjisi C{A; A) . MnojKecTBO op6nT {A®A)oS, {A® A) o hk+i, 
(A® A) o hm HopojKflaeT MOflyjib C{A; A). IIocKOjibKy MHOJKecTBO op6HT Konen- 

HO, Mbl MO>KeM BblSpaTb OpSlITBI TaK, HToSbl OHH He HepeCexa JIHCb . fljIH KajKflOii 
OpSHTbl Mbl MO>KeM Bbl6paTb HpeflCTaBHTejIb, HOpOJKflaiOmHH 3Ty op6HTy. □ 



3.8. JIhhchhoc OTo6pa;KCHHC b HcaccoiiHaTHBHyio ajirc6py 
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IIpHMep 3.7.6. Ajih hojih KOMnjieKCHbix HHceji ajire6pa C{C; C) HMeeT 6a3HC 

Iq o z = z 
/i o z = z 

/],jia ajire6pi>i KBaTepHnoHOB ajire6pa C{H; H) HMeeT 6a3HC 

Iq o z = z 

□ 

3.8. JlHHeHHoe OTo6pa:»ceHHe b Heaccou;HaTHBHyio ajire6py 

TaK KaK npoH3BefleHHe Heaccon,iiaTHBHO, mbi MOJKeM npeflnojiojKHTt, hto p,evL- 
CTBHe a, 6 S ^ Ha OTo6pa>KeHHe / MOJKeT 6biTb npeflCTaBjieHHO jiii6o b BH^e a(fb), 
jih6o b BHfle {af)b. O^HaKO sto npeflnojiojKeHiie npuBO^HT nac k ^obojibho cjiojk- 
HOH CTpyKType jiHHefiHoro OTo6pa>KeHHH. HTo6bi jiynme npeflCTaBHTb nacKOjiBKO 
cjiojKHa CTpyKTypa jiHHeiiHoro OToGpajKenHH, mbi naHHCM c paccMOTpeHHs jieBoro 
H npaBoro cflBiiroB b Heacco]j,HaTHBHOH ajireGpe. 

TeopeMa 3.8.1. Uycmh 

(3.8.1) l{a) o X — ax 
omo6paotceHue neeozo edema. Tozda 

(3.8.2) l{a)ol{b) ^l{ab) - {a,h)i 
zde Mu onpedcAUAU AuneuHoe omo6pacnceHue 

(a, b)i o X = (a, 6, x) 
^OKASATEJlbCTBO. Hs paBCHCTB (3.2.2), (3.8.1) cjieflyeT 

{1(a) o 1(b)) ox = 1(a) o (1(b) ox) 

(3.8.3) = a(bx) = (ab)x — (a, b, x) 

= l(ab) o x — (a, b)i o x 

PaBencTBO (3.8.2) cjie^yeT h3 paBencTBa (3.8.3). □ 

TeopeMa 3.8.2. Uycrm) 

(3.8.4) r(a) o x — xa 
omo6pacHceHue npaeozo edema. Tozda 

(3.8.5) r(a)or(b) ^r(ba) + (b,a)2 
zde MU onpedeAUAU AuneuHoe omo6pacitceHue 

(b, a)2 o X = (x, 6, a) 
^OKASATEJlbCTBO. H3 paBCHCTB (3.2.2), (3.8.4) cjie^yeT 

(r(a) o r(b)) o x ~ r(a) o (r(b) o x) 

(3.8.6) = (xb)a ^ x(ba) + (x,b,a) 

— r(ba) o X + (x, b, a) 

PaBeHCTBO (3.8.5) cjie^yeT h3 paBencTBa (3.8.6). □ 
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3. JIhhchhoc OTo6pa>KCHHC ajirc6pM 



XlycTb 

f:A^A f={ax)b 
jiHHefiHoe OTo6pajKeHHe ajire6pi>i A. CorjiacHO TeopeMe 3.3.4, OToSpajKCHHe 

g-.A^A {cf)d 

TaKsce jiHHeHHoe OTo6pajKeHiie. OflnaKO HeoHeBH;i,HO, MOJKeM jih mbi sanHcaTb oto6- 
pajKCHHe g b Biiflfi cyMMbi cjiaraeMbix BH^a (ax)b h a{xb). 

EcjiH A - CBoGoflHaa kohchho Mepnaa ajireGpa, to mbi MOJKeM npeflnojiojKiiTb, 
HTO jiiiHefiHoe OTo6pa>KeHHe HMeeT CTaH/i,apTHoe npe;i,CTaBjieHHe b Bii/i,e'^'^^ 

(3.8.8) fox = r {eix)ej 

B 3T0M cjiynae mbi MOsceM npuMeHHTb TeopeMy 3.7.5 fljia OTo6pajKeHHH b neacco- 
Li,HaTHBHyio ajire6py. 

TeopeMa 3.8.3. Ilycmb ei - 6a3uc c6o6odHou kohchho Mepnou D-aAze6pu Ai. 
Uycmb 62 - 6a3uc ceoOodnou kohchho Mepnou Heaccov,uamueHou D-aAze6pu A2. 
Ilycmb B2-^i - cmpyKmypHue KOHCmaHmu aABc6pu A2. Ilycmb omo6paotccHue 

(3.8.9) g = aof 

nopoDfcdcHHoe omo6pamccHueM f E {Ai; A2) nocpcdcmeoM mcnaopa a E A2 ® A2, 
UMCcm cmandapmnoc npcdcmaencHue 

(3.8.10) g = a'i (ci ® e,- ) o / = a'^ {eif)ej 

KoopduHamu omo6pamccHusi (3.8.9) u czo cmandapmnue KOMnoHcnmu cenaaHU 
paecHcmeoM 

(3.8.11) fff = /r5'^'^2.L^2.^, 

^OKASATEJIbCTBO. OTHOCHTejIbHO 6a3HCOB Cl H 62 , JIHHeHHBie 0T06pa>KeHHH 

f II g HMeiOT Bii/i, 

(3.8.12) fox = f^x^e2.i 

(3.8.13) g ° X ^ g'jx^e2.i 
H3 paBencTB (3.8.12), (3.8.13), (3.8.10) cjie^yeT 

9iX%.k= (e2.i(/™a;'e2.m))e2.j 

3.8.14) 

= «^Vr^'S2.L^2.^,e2.fe 

TaK KaK BeKTOpbl 62- fe JIHHeilHO HeaaBHCHMbI H X^ npOHSBOJIBHtl, to paBCHCTBO 

(3.8.11) cjieflyeT h3 paBCHCTBa (3.8.14). □ 

TeopeMa 3.8.4. Ilycmb A - ceoGodnasi kohchho Mcpnati Hcaccoi^uamueHasi aA- 
zc6pa Had KOAbv,oM D. IIpcdcmaeACHue aAze6pu A® A e aAzc6pc C{A;A) uMcem 

KOHCHHUU 6a3UC I . 



'^■"'^'^Bbi6op npoH3BOjieH. Mm mo^kcm paccMOTpeTt CTaH^apTHoe npeflCxaBjieHiie b bh^c 

f ox = P^ei{xej) 

Torfla paBeHCTBO (3.8.11) iiMeex bh;; 

(3.8.7) 9^ = fr 9'' 32.1^32.^^. 

51 Bi>i6paji Bbipa^ceHHe (3.8.8) Tax KaK nopa/^OK coMHOyKHTejieii cooTBeTCTBycT nopa/^Ky, BBiSpan- 
HOMy B Teopeivie 3.7.5. 



3.8. JIhhchhoc OTo6pa;KCHHC b HcaccoiiHaTHBHyio ajirc6py 
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(1) JIuHCUHoe omo6pamceHue f g C{A] A) UMeem eud 



(3.8.15) 




(3.8.16) 



k ■ i j 



■'(ei (8)e,-) o/fc 



{eilk)ej 



^OKA3ATEJlbCTBO. PaccMOTpHM MaTpHD;y (3.7.8). Ecjih metphi^r B neBbi- 
pojKflena, to ^jih aaflanHbix KOopflHHaT jiHHefiHoro npeoSpaaoBaHna h fljia 
OTo6pa>KeHHH f ~ S , cncTeMa jihechhijIx ypaBHeHHfi (3.8.11) OTHOCHTCjibHO CTan- 
;i,apTHijix KOMnoHBHT SToro npeo6pa30BaHHH g'^'' HMeex eflHHCTBeHHoe peineniie. 
Ecjih MaTpHn,a B BbipojKfleHa, to corjiacHO TeopeMe 3.7.5 cymecTsyeT KOHenHbiii 

6a3HC /, nOpOJKflaiOmHH MHOJKeCTBO JIHHeilHblX 0T06pa}KeHHH. □ 

B OTjiH^He OT cjiy^iaH accoLi;iiaTHBHOii ajire6pbi MHOJKecTBO renepaTopoB / b 
TeopeMe 3.8.4 ne hejihctch MHHHMajibHbiM. Hs pasencTBa (3.8.2) cjie^yeT, hto 
HeBepHO paBencTBO (3.6.9). CjieflOBaTejibHO, op6iiTiji OToGpaxceHHii Ik ne nopojKfla- 
lOT OTHomeHHH SKBHBajieHTHOCTH B ajire6pe L(A; A). TaK KaK mbi paccMaTpHBaeM 

TOJIBKO OToSpajKeHHH BVLJ^BL {alk)b, TO B03MOJKHO, HTO HpH fc ^ I OToSpajKeHHe /fe HO- 

pojKflaeT OTo6pa}KeHHe bcjih paccMOTpeTb Bce BOSMOJKHbie onepaLi,iiH b ajire6pe 
A. UosTOMy MHO>KecTBO o6pa3yioiii,Hx Ik Heaccon,HaTHBHOH ajireGpti A ne Hrpa- 
eT TaKoii KpHTH^iecKOH pojiH KaK OTo6pajKeHHe conpajKennH b nojie KOMnjieKCHbix 
HHceji. Otbbt Ha Bonpoc nacKOjiBKO BajKHO OToGpajKenne Ik b Heaccoii,HaTHBHOH 
ajire6pe Tpe6yeT ;i,onojiHHTejii>Horo Hccjie^OBaHHH. 



FjiaBa 4 



Ajire6pa c ^ejieHHGM 



4.1. JiHHeflHEiH cJ)yHKLi;Hsi KOMnjieKCHoro nojiH 

TeopeMa 4.1.1 (ypaBHemiH KomH-PHMana). PaccMompuM none KOMUAeKcnux 
HuceA C KUK deyMepnym aAze6py Had noACM deucmeumeAbHUX HUCtA. Uoaookum 

(4.1.1) eco = 1 eci = i 

6a3uc aAzeOpu C . Tozda e 3moM 6a3uce npouseedenue UMeem eud 

(4.1.2) e^.i = -ec.o 
u cmpyKmypHue KOHcmaHmu UMemm eud 

(4.1.3) ""^l^^ ' 
Mampuv,a AuneuHou (pyHKV,uu 

noAH KOMUAeKCHUx HuctA Had noACM deucmeumeA-bHux hucca ydoeAemeopsiem co- 
omHomeHwo 

(4.1.4) /° = fl 

(4.1.5) /(} = 

flOKA3ATEJlbCTBO. PaBCHCTBa (4.1.2) H (4.1.3) cjieflyiOT h3 paBCHCTBa i'^ = 
— 1. nojibsyHCb paBencTBOM [6]- (3. 1.1 7) nojiynaeM cooTHomenHH 



(4.1.6) 




fkr r> P n 




^fBc.loBc-t = 


r- 




(4.1.7) 




= f'^^'Bc-loBc-lr 


= f°'' Be QoBc- Or - 


f f^^'BcloBclr = 


r + 




(4.1.8) 


/? = 


^ f^Bc.l.Bcl. = 


= f°''Bc liBc ir 4- 


-f'^Bc.°,,Bc.t = - 


_/01_ 


-r 


(4.1.9) 


fl 


fkr JD P n i 


= f°' BcoiBc-lr - 


-1- f^'^Bc-xiBc or = 


r- 





Ha paBencTB (4.1.6) h (4.1.9) cjieflyei (4.1.4). Hs paBencTB (4.1.7) h (4.1.8) cjie^yeT 
(4.1.5). □ 
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4. Ajirc6pa c flcjicHHeM 



4.2. Ajire6pa KsaTepHHOHOB 



B SToii CTETbe h paccMaTpHBaio MHOJKecTBO KBaTepHHOHHbix ajireGp, onpe^e- 

JieHHblX B [13]. 

Onpe/i;ejieHHe 4.2.1. IlycTb F - none. PacniHpeHHe F{i,j,k) nojia F nasbiBaeT- 
ca ajire6poH E{F,a,b) KBaxepHHOHOB na^ nojieM F"^'^, ecjin npoiaBeflemie b 
ajire6pe E onpeflejieno corjiacHO npaBiijiaM 





i 


3 


k 


i 


a 


k 


aj 


j 


-k 


b 


-~bi 


k 




hi 


—ah 



(4.2.1) 



r;i,e a, b £ F , ab ^ 0. 

3jieMeHTbi ajire6pbi E{F, a, b) hmciot bh/i, 

X = x*^ + x^i + x'^j + x^k 

rfle x^ € F, i = 0, 1, 2, 3. KfiaTepHHOH 

— 1 • 2 ■ Si 

X = X — XI — xj — xk 
HasbiBaeTCH conpHJKenHbiM KBaTepHiiony x. Mbi onpeflejiHM HopMy KBaTepHHOHa 

X paBCHCTBOM 

(4.2.2) \x\^ =xx = {x°f - a{x^f - b{x^f + ab^x^'f 

Ha paBCHCTBa (4.2.2) cjie/i,yeT, hto E{F^ a, b) HBjiHeTca ajire6poH c pfijienneM tojibko 
Kor^a a < 0, & < 0. Tor^a mm MOJKeM npoHopMHpoBaTb 6a3HC Tax, ^to a = — 1, 
-1. 

Mbi 6ypfiM o6o3HaHaTb ciimbojiom E{F) ajire6py E{F, —1, —1) KBaTepHiiOHOB 
c flejieHHCM Hafl nojieM F. XlpoHSBefleHHe b ajire6pe E{F) onpeflejieno corjiacHO 
npaBHjiaM 





i j 


k 


i 


-1 k 




j 


-k -1 


i 


k 


j -i 


-1 



(4.2.3) 



B ajire6pe E{F) HopMa KBaTepHiiona hmcct bh^ 

(4.2.4) \xf ^xx^ (a;0)2 + {x' f + (x-f + (x^f 

IIpH 3TOM oSpaTHBIli SJieMCHT HMeCT BHfl 

(4.2.5) x-^ = \x\-^x 

Mbi 6yfleM nojiaraTb H ^ E{R, —1, —1). 

BHyTpeHHHH aBT0Mop(J)H3M ajireSpbi KBaTepHHOHOB iJ"*'^ 

p qpq^^ 

(4.2.6) 

q{ix + jy + kz)q ^ — ix' + jy' + kz' 



□ 



'^■^51 6y^y cjie^OBaTb onpeflejienHio H3 [13]. 
"^■^Cm. [15], c. 643. 



4.3. JlHHeHHaa <^yHKU,iiR ajircGpti KBaTcpHHOHOB 
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omicbiBaeT Bpameniie BCKTopa c KOop^HnaTaMH x, y, z. Ecjih q sanHcan b bh^b 
cyMMbi CKajiHpa ii BexTopa 

q — cos a + [ia + jb + kc) sin a a? + + = 1 

TO (4.2.6) omiCBiBaeT Bpamemie BeKTopa [x, y, z) BOKpyr BexTopa (a, h, c) na yroji 
2a. 

4.3. JlHHefiHcLH 4)yHKLI,HH ajire6pBI KBaTepHHOHOB 

TeopeMa 4.3.1. Uoaochcum 

(4.3.1) eo = 1 ei = i 62 = j 63 = fc 

6a3uc aA8e6pu KeamepnuoHoe H. Tozda e 6a3uce (4.3.1) cmpyKmypnue KOHcman- 
mu uMewm eud 



"ml — 


1 


Bhi - 


1 


Bi; = 


1 


Bly.', - 


1 


^10 = 


1 


s?l = 


-1 


Bh = 


1 


Bh = 


-1 


Bio = 


1 


B21 = 


-1 


B)L = 


-1 


Bh = 


1 


Bio = 


1 


Bil = 


1 


Bh = 


-1 


Bl,= 


-1 



/],OKA3ATEJibCTBO. SnaHeHHe CTpyKTypHBix KOHCTanT cjie/i,yeT h3 Ta6jiiiLi,bi 
yMHOJKeHHH (4.2.3). □ 

TaK KaK BbiHHCjieHHH B 3T0M pasflejiB 3aHHMaiOT MHoro MecTa, H co6paji b 
o^HOM MecTe ccbijiKH Ha TeopeMbi b 3tom pas^ejie. 

TeopeMa 4.3.2: onpeflejieHne KOopflHHaT jiHHeiiHoro OToSpajKeHHH ajireS- 
pbi KBaTepHHOHOB H nepes CTaH^apTHbie KOMHOHCHTbi SToro OTo6pa}Ke- 

HHH. 

PaseHCTBO (4.3.22): MaipHnnaa 4)opMa saBHcnMOCTH KOopflnnaT jinneHHO- 

ro OTo6pa>KeHHH ajire6pbi KBaTepHHOHOB H ot CTan/^apTHbix komhohcht 

SToro OTo6pajKeHHH. 
PaBeHCTBO (4.3.23): MaxpHnnaa 4)opMa aaBHCHMOCTH CTanflapTHbix kom- 

HOHeHT jiHHeiiHoro OTo6pa}KeHHH ajire6pbi KBaTepHHOHOB H ot KOopflnnaT 

SToro OTo6pa}KeHHH. 
Theorem 4.3.4: saBHCHMOCTb CTanflapTHbix KOMHoneHT jinneiiHoro oto6- 

pajKCHHH ajire6pbi KBaxepHHOHOB H ot KOopflnnaT SToro OTo6pa}KeHHH. 

TeopeMa 4.3.2. CmandapmHue KOMnoHenmu AuneuHou (pyHKV,uu aAze6pu Kea- 
mepHUOHoe H omHocumeA'bHO 6a3uca (4.3.1) u Koopdunamu coomeemcmeywmezo 
AuneuHozo npeo6pa306aHUM ydoeAemeopHmm coomHomeHUJiM 



(4.3.2) 



Jo 






_f22 


_ps 


n 






^p2 




< 

fi 




+ /" 


_f22 




. fa 


^^00 


+ f'' 


^f22 


_p3 



48 



4. Ajirc6pa c flCJicHHeM 



(4.3.3) 



(4.3.4) 





= 


+/^° 


^f23 


_f32 


/l° 


=-/°^ 






_p2 


fi 


=-/°^ 






_p2 


fi 


= 


_^10 


_ps 


_fS2 


fS 


= 


-/^' 


+ /^° 




fi 


= 


-/^^^ 


_f20 


-f'' 


fi 


=-/°^ 


-/^' 


_f20 


_^fSl 


fi 


=-/°^ 


-/^' 






fi 


= 






+ f'° 


fl 


=-/°^ 


-f' 




+ f'° 


fl 


= f°' 






_f30 


fl 


=-/°^ 


^fl2 




_f30 



(4.3.5) 



^OKASATEJibCTBO. HojibsyHCE. paBeHCTBOM (3.7.11) nojiynaeM cooTHOineHHH 

fO fkr DP dO 

Jo — J ^kO^pr 

^4.J.DJ — / -Ooo-Doo+J ^lO-Oll + J -D20-D22+/ -D30-D33 

^_^00_^11_^22_^33 



J"l £kr r>P Dl 

Jo- J ^kO^V 



(4.3.7) 



(4.3.. 



(4.3.9) 



(4.3.10) 



feO pr 

^01 rO ol , f 10 Rl ol 
fOl + ^10 + ^23 _ ^32 



f23 n2 r>l , j-32 r3 ol 
/ i^20^23 + 7 ^30^*32 



f2_ fkr DP o2 
Jo — J ^kO^pr 

_ f02 T50 o2 , fl3 Rl o2 

— / -D0O-D02 + / -D10-D13 - 

f3_ jfcr DP d3 
Jo — J ^kO^pr 

_ f03 dO d3 , Jl2 Dl d3 

— / -D0O-D03 + / ^10^*12 - 

_ J-Ol Dl dO I flOnO nO 

- 7 ^01^11 + 7 -cJii-cioo 

^_^01_ ^10 + ^23.^32 



J-20 d2 d2 
7 -°20^20 



f 31 d3 d2 
7 ^30^31 



f21 d2 d3 
7 -C>20^21 



f 30 d3 d 
7 ^30-°30 



i-23 p3 dO I j-32 r)2 dO 
7 ^21^33 + 7 -"31^22 



4.3. JiHHeiiHaa 4^yHKLi;Hii ajirc6pt>i KBaTcpHHOHOB 



(4.3.11) 



(4.3.12) 



(4.3.13) 



_ f 00 Rl pi 

- J ^01^10 ■ 

= r°-/" + 

_ f 03 Dl n2 

- I ^01^13 ■ 

= -/°='-/" 

fl= f^^Bl^Bl^ 



f02 Rl r3 
f02_fl._p 



f 13 rO r3 
/ -Dll-C>03 



f 22 r3 Rl , ^33 h2 r1 
/ ^21^32 + / ^31^13 



f21 r3 r2 



f 30 r2 r2 



f 20 r3 r3 I f31 r2 r 
/ ^21^30 + / -031^21 



(4.3.14) 



(4.3.15) 



(4.3.16) 



rO £kr tdP dO 

J2- J ^k2^pr 

= rBi,B°, - 

= - 

£\ £kr tdP d1 

J2- J ^k2^pr 

_ f 03 r2 Rl 

— 7 ^02^23 ■ 

^^03_^12_ 

_ f 00 r2 r2 

— J -°02^20 ■ 

00 I i-11 



- P° + 

f /^^i??2-S32 
^21.^30 



^11r3 r2 



P^B^^^B^^^ + P^Bl^Bl^ 



f 21 rO Rl , f30 Rl Rl 

/ ^22^01 + / ^32^10 



J-22 rO r2 , £33 Rl r2 
/ ^22^02 + / -^^32^13 



r+p^-p'+f 



f33 



(4.3.17) 



(4.3.18) 



(4.3.19) 



/!= p^Bl^Bl, 

_ J-Ol r2 r3 
- 7 ^02^21 



£10h3 h3 
/ ^12-^*30 



= -P^ + P" - P' - P 



P= P^Bl,B°^ 

_ f 03 r3 rO 

— 7 ^03^33 ■ 

= -P'' + P^ 

£l £kr rP r1 

73-7 ^k3^pr 

_ f 02 r3 Rl 

— 7 ^03^32 ■ 

= -P^-P' 



£12r2 rO 
7 i>13-C>22 

.f21_f30 

fl3R2 Rl 

7 -D13-D23 

-p°-p' 



J-23 rO r3 , £32r1 r3 
7 i^22^03 + 7 -032^12 



J-21 Rl rO , £30 rO rO 

7 ^^23^11 + 7 -033^00 



f 20 Rl Rl , £31 rO Rl 

7 ^23^10 + 7 -D33-D01 
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4. Ajirc6pa c flCJicHHeM 



(4.3.20) 



fi- 



- / ^03-^^31 + / ^13^20 



r -r-f 



c23 



r32 



f 23 pi T>2 , ^32 nO T> 
J ^^23^13 + / ■C'33^( 



2 

02 



(4.3.21) 



f 00 d3 r3 
J ^03^30 



fiin2 n3 

^ll+^22__^33 



f 22 Rl d3 
/ ^23^12 



J-33 nO d3 
/ ^33"03 



ypaBHeHHH (4.3.6), (4.3.11), (4.3.16), (4.3.21) (JsopMnpyroT CHCTeMy jiHHeiiHbix 
ypRBHeHHii (4.3.2). 

ypaBHeHHH (4.3.7), (4.3.10), (4.3.17), (4.3.20) 4)opMHpyiOT CHCTCMy jiiiHefmbix 
ypaBHenHH (4.3.3). 

ypaBHCHHH (4.3.8), (4.3.13), (4.3.14), (4.3.19) (JjopMnpyiOT cncTCMy jiHHefiHMx 
ypaBHeHHH (4.3.4). 

ypaBHeHHH (4.3.9), (4.3.12), (4.3.15), (4.3.18) (JsopMiipyiOT CHCTCMy jiHHeiiHbix 
ypaBHeHHH (4.3.5). □ 

TeopeMa 4.3.3. PaccMompuM aAze6py KeamepnuoHoe H c 6a3ucoM (4.3.1). Cman- 
daprriHue KOMnoHemnu addumueHou (pyHKU,uu Had noACM F u Koopdunamu 3mou 
cfjyHKViUU Had uoacm F ydoeAemeopsiwm coomHomeHUJiM 

( fS f? /2° /3° \ 
fl ~fo /s ~f2 

~fi ~fo fl 

fi ~fi ~fo ) 



(4.3.22) 



/I 



2 



( 1 
1 
1 
V 1 



-1 -1 

-1 1 

1 -1 

1 1 



1 
1 

-1 / 



If 



GO 
^22 



fOl 


_f02 


-f 






-f 


ps 


^20 


f 


p2 




f 



(4.3.23) 



( r 


_^01 


_^02 




ps 


\ 












/" 


^10 


P' 


















_^22 


_^23 


po 
















V 
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^OKASATEJTbCTBO. SanHineM CHCTeMy jiHHeiiHbix ypaBHeHHft (4.3.2) b BH;i,e 
npoiiSBeflCHHa MaTpiiu, 



(4.3.24) 



SanHineM CHCTCMy jinneftHbix ypaBHCHHit (4.3.3) b BH^e npoHSBeflCHHH MaTpnii, 
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(4.3.25) 
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Hs paseHCTBa (4.3.25) cjie^yeT 
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SanHineM CHCTCMy jinneiiHijix ypaBHenHii (4.3.4) b Bii^e npoHSBefleniiH MaTpiin, 
i fl\ / 1 -1 1 1 \ / \ 



(4.3.27) 
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Ha paBencTBa (4.3.27) cjie;i,yeT 
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SanHineM CHCTeMy jiHHefiHHx ypaBHCHHii (4.3.5) b BH^e npoHSBeflCHHa MaTpnu, 
( / I 1-1 1 \ / /°M 



(4.3.29) 
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Ha paBCHCTBa (4.3.29) cjie^yeT 
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Mbi oeteflUHHeM paBCHCTBa (4.3.24), (4.3.26), (4.3.28), (4.3.30) b paBencTBe (4.3.22). 

□ 

TeopeMa 4.3.4. CmaHdapmHue KOMnoHenmu AuneuHou (pyHKV,uu aA8e6pu Kea- 
mepHUOHoe H omHocumeAbHO 6a3uca (4.3.1) u Koopdwiamu coomeemcmeyimnego 
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jiuHeuHozo npeoCpasoeanusi ydoeAcmeopsimm coonmomeHUHM 



(4.3.31) 



(4.3.32) 



(4.3.33) 



(4.3.34) 



4/11 = 

r 4/1°= 
4/01 = 

4J32, 

I 4/23= 

r 4/20= 
4/31 = 

I 4/13= 
r 4/30= 
4/21 = 
4/12= 
I 4/03= 



~fo ~ /l + + /s 
~/o + /l ~ /f + /s 
~/o + /l + /I ~ /s 

~/i + /o ~ /s + 
~/i + /o + /s ~ 

fO fl f2 f3 
Jl Jo ./S J2 

/l + /o ~ /s ~ /I 

~/2 + /s + /o ~ /l 
/2 ~ /s + /o ~ /l 

~/2 ~ /s + /o + /l 

_ f _ f 1 _ f 2 _ f 3 
J2 J3 Jo Jl 

"/s ~ /2 + /l + /o 

fO fl f2 j3 
J3 J2 ./l JO 

/s ~ /2 ~ /l + /o 

"/s + /2 ~ /l + /o 



flOKASATEJibCTBO. CHCTeMbijiHHeHHbix ypaBHeHHH (4.3.31), (4.3.32), (4.3.33), 
(4.3.34) nojiyneHbi b pesyjibTaTC nepeMHOJKeHiia MaTpnu, b paBCHCTBe (4.3.23). □ 

4.4. Ajire6pa oktohhohob 

OHpe/];ejieHHe 4.4.1. Ajire6pa O HasbmaeTCH ajireGpoft OKTOHHOHOsecjiH aji- 
reSpa HMeeT Gaanc 



(4.4.1) 
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64 = — Z 65 = 66 = jl 67 = fcZ 

H npoHSBeflCHHe b ajire6pe O onpeflejieno corjiacHO npaBHjiaM 



(4.4.2) 
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□ 

TeopeMa 4.4.2. CmpyKmypHue KOHcmaHmu aAze6pu OKmoHUOHoe O omnocu- 
mcAbHO 6a3uca (4.4.1) UMemm eud 
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^OKASATEJibCTBO. SnaHeHHe CTpyKTypHbix KOHCTaHT cjie;i,yeT h3 Ta6jiiiLi,bi 
yMHOJKeHHH (4.4.2). □ 

4.5. JlMHefinaH 4)yHKii,HH ajireGpti oktohhohob 

Tek kek BMHiicjieHiiH B 3T0M pasflejic 3aHiiMaK)T MHoro MecTa, H co6paji b 
o;i,HOM MecTe ccbijikh na TeopeMbi b stom pasflejie. 

TeopeMa 4.5.1: onpe;];ejieHHe KOop^HHaT jiiineHHoro OToSpajKeHHH ajire6- 

pbl OKTOHHOHOB O HCpeS CTaHflapTHBie KOMnOHeHTbl SToro OTo6pajKeHHH. 

PaseHCTBO (4.5.73): MaTpH^naa (JjopMa saBHCHMOCTH KOopflHHaT jiiiHeiiHO- 
ro OToSpajKCHHa ajire6pbi oktohhohob O ot CTanflapTHbix KOMnoHCHT sto- 
ro 0To6pa>KeHHH. 

PaseHCTBO (4.5.74): MaTpHHHaa (JjopMa saBHCHMOCTH CTaH;],apTHbix kom- 
HOHeHT jiHHeftHoro OTo6pajKeHHa: ajire6pbi oktohhohob O ot KOopflHHaT 
SToro OTo6pa}KeHHH. 

Theorem 4.5.3: saBHCHMOCTb CTaH;i,apTHbix KOMHoneHT jiHHeiiHoro oto6- 
pajKCHHH ajire6pbi oktohhohob O ot KOopflHHaT SToro OTo6pa>KeHHH. 

TeopeMa 4.5.1. CmaHdapmnue KOMnoHenmu auhcuhou (pyHKV,uu aAze6pu ok- 
moHuoHoe O omHocumeAbHo 6a3uca (4.4.1) u Koopdunamu coomeemcmeywmezo 



4.5. JlHHeflHaa cJiyHKiiHsi ajircSpbi oktohhohob 



jiuneunodo npeo6pa30QanuH ydoeAemeopMTom coomHomeHu^M 
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(4.5.2) 
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(4.5.7) 
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(4.5.9) 



flOKASATEJibCTBO. HojibayHCb paBeHCTBOM (3.7.11) nojiynaeM cooTHonieHna 

fO_ fkr DP DO 
Jo — J ^kO^pr 

_ fOOnO nO , f 11 d1 rO , f 22 d2 dO , f 33 d3 rO 
— / -DOO-DOO + / -Dio-Dll + / -020^22 + / ^30-^33 

I f 44 r4 rO I j;55 r5 rO , j-66 r6 rO , f 77 r7 rO 

+ / i^40-t>44 + / -D50-D55 + 7 -Deo^ee + 7 ^vo^tt 
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(4.5.10) 
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(4.5.11) 
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I £45 r5 rO I J54 r4 rO , J-67 r7 rO , f 76 r6 rO 
+ 7 -D4I-D55+/ ^51^44 + / -061^77+/ ^71^66 

= -/Ol - /lO + /23 _ fS2 + ^45 _ ^54 _ ^67 + ^76 

£l £kr -DP r1 
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(4.5.26) 



(4.5.27) 



(4.5.28) 



(4.5.29) 



(4.5.30) 



(4.5.31) 



(4.5.32) 



- / ^02-C>23 + / ^12^32 + / ^22^01 + / ^32^10 
1 f47 r)6 pi I f56 o7 pi , f65 p4 pi , f7A p5 pi 

= 7°=^ - - - r + p' - r + - 



f2_ fkr T3P p2 
J2- J Bk2Bpr 



f 00 p2 p2 , fllp3 p2 
/ ^02^20 + / -D12-D3I 



f 22 pO p2 , f33pl p2 
/ ^22^02 + / ^32^13 



^44 p6 p2 , fSS p7 p2 , f66 p4 p2 , j-77 p5 p2 
/ ■C>42-C>64 + / -C>52^75 + / ■C'62-C>46 + / ^72^57 



^00 + ^11 _ ^22 + ^33 + _^44 + ^55 + / 



p77 



J-Ol p2 p3 , J-10p3 p3 , f 23 pO p3 
/ ^02^21 + / -D12-O3O + / ^22^03 



^_f01^flO_pS_fS2_j^S^p4^ 



f32pl p3 
/ -C>32^12 

r'Bi^Bi, 



£4: £kr tdP r)4 

J2- J Bf^^^pr 



_ f 06 p2 p4 , fl7p3 p4 , f 24 pO p4 , f35 pi p4 
— / ^02-026 + / -D12-D37 + / ^22^04 + / ^32^15 

+ P'Bt^Bi^ + r^Bl.Bf, + rBi.Bj, + nBl,Bi, 
= -/°« - - + P" - P^ - P' + /™ + P^ 



k2 pr 



f 07 p2 p5 , f 16 p3 p5 
J ^02^27 + / -C>12-C>36 



f 25 pO p5 1 j-34 pi p5 
/ ^22^05 + / -C>32^14 



f43 p6 p5 1 f52 p7 p5 1 j;61 p4 p5 1 fTO p5 p5 
/ -D42-D63 + / -^52^72 + / -D62-D4I + / ^72^50 



-'42"63 
f07 I ^16 



-"52^72 
p25 f34 



p' + p^'-p^'-p^ + r-p'-r 



f61 



c70 



^•6 £hr pP p6 

J 2 — J -°fc2-°pr 

_ f 04 p2 p6 , fl5p3 p6 , f 26 pO p6 , ^37 pi p6 

— / ^02^24 + / -D12-D35 + / ^22^06 + / ^32^17 

, ^40 p6 p6 , j51 p7 p6 , ^62 p4 p6 , f 73 p5 p6 
+ / -D42-D60 + / ^52^71 + / -062^42 + / ^72^53 

= P^ - P" - - P' - P" + P' - P^ + P^ 

f7 fkr pP p7 

12- J B^^Bpr 

_ f 05 p2 p7 , fl4p3 p7 , f27p0 p7 , ^36 pi p7 

- / ^02^25 + / -C>12-C>34 + / ^22^07 + / -C>32^16 

I f 41 p6 p7 , f50 p7 p7 , ^63 p4 p7 , fT2 p5 p7 
+ / -D42-D6I + / ^52^70 + / i'62-D43 + / ^72^52 



^05 + _^14 _ ^27 + ^36 _ ^41 _ ^50 _ /63 _ ^ 



p72 
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4. Ajirc6pa c flCJicHHeM 
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4. Ajirc6pa c flCJicHHeM 



_ f 00 r5 r5 I fllR4 r5 I f 22 r7 r5 , f 33 r6 r5 

— / ^05^50 + / ■C>15-C'41 + / ^25^72 + / -^^SS^eS 

, ^44r1 r5 , f 55 rO r5 , J-66 r3 r5 , f 77 r2 r5 
+ / ^45^14 + J -055^^05 + / -D65-D36 + / ^75^27 

= + + /^^ + + - + + r 

£6 £kr tdP r6 

J 5 — J ^k5^pr 

_ f 03 r5 r6 , f 12 r4 r6 , f 21 r7 r6 , £30 r6 r6 

— / i'oS-DsS + / -D15-D42 + / ^25^71 + / ^35^60 

I ^47 Rl r6 I j58 rO r6 , £65 r3 r6 , f 74 r2 r6 
+ / -045-°17 + / -^^55^06 + / -'^65-C>35 + / ^75^24 

= + - - + P' - P' - P" - P^ 

P= P^Bl,Bl, 

_ f02 r5 r7 , £13r4 r7 , f 20 r7 r7 , £31 r6 r7 

— 7 ^05^52 + / -D15-D43 + / ^25^70 + / -"35^61 

+ P^'BhBl^ + P'Bl^Bl, + P^Bl.Bl^ + P^B^,,Bl, 

= + /13 + _^20 _ _^31 _ J4e _ + _^64 _ _^75 

fO £kr tdP rO 

J 6 — J ^kd^pr 

_ j-06 r6 rO , fl7R7 rO , f 24 r4 rO , £35 r5 rO 

— / ^06-066 + / -DI6-D77 + / ^26^44 + / -D36^55 

+ /^^S|ei?°2 + P^'Bl^Bl^ + /«°B°6S°o + P^B}^Bl^ 
= -/°« + P' + P^ - P" - P^ + P' - - P^ 

£l £kr rP r1 

/6 — / ^ke^pr 

_ f 07 r6 r1 , £16 r7 r1 , £25 r4 r1 , £34 r5 r1 

— J ^06^67 + / ^le^ie + / ^26^45 + / -^^36^54 

I £43 r2 r1 , £52 r3 r1 , £61 rO r1 , £70 r1 r1 
+ / -D46-D23 + / ^56^32 + / -D66-D0I + / ^76^10 

= -P' - - P" - P^ + P^ + P^ - P' + P° 

£l_ fkr rP r2 
Je — J ^kQ^pr 

_ £04 r6 r2 , £15r7 r2 , £26 r4 r2 , £37 r5 r2 

— / ^06^64 + / -DI6-D75 + / ^26^46 + / -D36^57 

I £40 r2 r2 I £51 r3 r2 , £62 rO r2 , £73 r1 r2 
+ I -046-020 + / ^56-031 + / -066-002 + / ^76^13 

= _/04 + /15 _ ^26 + ^37 + ^40 _ ^51 _ _^62 _ ^73 

£3 fkr -DP r3 

Je — J ^ke^pr 

_ £05 r6 r3 , £14r7 r3 , £27 r4 r3 , £36 r5 r3 

— / ^06^65 + / ^16^74 + J ^26^47 + / -^^36^56 

I £41 r2 r3 I £50 r3 r3 , £63 rO r3 , £72 r1 r3 
+ / -O46-O21 + / -056^30 + / ^^66-003 + / ^76^11 

= P" + /" - P' - P"" - P' - P" - P^ + P^ 
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4. Ajirc6pa c flCJicHHeM 



(4.5.68) 



(4.5.69) 



(4.5.70) 



(4.5.71) 



(4.5.72) 



f3_ fkr tdP r>3 
J7 — J ^kl^pr 

I fiO T53 r)3 I f51 r>2 r>3 , rjl T53 , j^73 dO r3 

+ J -D47-D3O + / -D57-D2I + / -D67-D12 + / -077^03 

= + /15 + ^26 _ ^37 + ^40 _ ^51 _ ^62 _ ^73 

£4 £kr TtP r)4 

J7 — J ^k7^VT 



k7 pr 

_ f 03 T>7 r4 , f 12 r6 o4 , f 21 r5 d4 , j-30 o4 p4 

— / ^07-^73 + / -017-062 + / ^27^51 + / -"37^40 

I ^47 r>3 d4 I j56 r2 d4 i £65 nl o4 1 £74 dO p4 
+ / -C>47-037 + / -C>57^26 + / ^Q7^1b + / ^77^04 

= /''^ + /^^ - /^^ - - - + - r 

_ f02D7 r5 I £13r6 r5 , f 20 r5 r5 , £31 r)4 d5 

— 7 ^07^72 + / -D17-D63 + / ^27^50 + / -"37^41 

+ rBl.Bi^ + P'Bl.Bl, + f^^Bl.Bl^ + r^B^,,Bl, 

i-G £kr tdP r>6 

J7- J ^k7^pr 

_ £01 r7 p6 , £lO 06 n6 , £23 p5 r>6 , £32 n4 06 

— / ^07-071 + / -D17-D6O + / ^27^53 + / ^37^42 

+ f^^Bf.Bi, + r^Bi.Bl, + rBl.Bl, + /^650^56^ 

_ — JOI -(- jlO _ J23 _|_ j32 _ y45 _|_ j54 _ ^-67 _ j76 

/f = f-B^.B;, 

_ £00 d7 r7 , £lln6 n7 , £22 r)5 o7 , £33^4 d7 

— / ^07^70 + / ^17^ei + / ^27^52 + / -C>37^43 

I £44 r3 7d7 I £55 r2 d7 , £66 ol o7 , £77 oO p7 
+ / -D47-D34 + / -D57-D25 + / -D67-D16 + / -D77-D07 

= /•'° + /" + + P' + P' + P" + /^^ - P' 

ypaBHeHHH (4.5.9), (4.5.18), (4.5.27), (4.5.36), (4.5.45), (4.5.54), (4.5.63), (4.5.72) 
4)opMHpyiOT CHCTCMy jiHHeiiHbix ypaBHCHHii (4.5.1). 

ypaBHeHHH (4.5.10), (4.5.17), (4.5.28), (4.5.35), (4.5.46), (4.5.53), (4.5.64), 
(4.5.71) 4)opMHpyiOT CHCTeMy jiHHeiiHbix ypaBHenHit (4.5.2). 

YpaBHeHHH (4.5.11), (4.5.20), (4.5.25), (4.5.34), (4.5.47), (4.5.56), (4.5.61), 
(4.5.70) 4)opMHpyK)T CHCTeMy jiHHeiiHbix ypaBHenHit (4.5.3). 

ypaBHeHHH (4.5.12), (4.5.19), (4.5.26), (4.5.33), (4.5.48), (4.5.55), (4.5.62), 
(4.5.69) 4)opMHpyK)T cncTCMy JiHHeiiHbix ypaBHenHit (4.5.4). 

YpaBHeHHH (4.5.13), (4.5.22), (4.5.31), (4.5.40), (4.5.41), (4.5.50), (4.5.59), 
(4.5.68) (JjopMHpyiOT CHCTeMy jinneiinbix ypaBHennit (4.5.5). 

YpaBHeHHH (4.5.14), (4.5.21), (4.5.32), (4.5.39), (4.5.42), (4.5.49), (4.5.60), 
(4.5.67) 4)opMHpyiOT cncTCMy jinneiinbix ypaBHennit (4.5.6). 

ypaBnenna (4.5.15), (4.5.24), (4.5.29), (4.5.38), (4.5.43), (4.5.52), (4.5.57), 
(4.5.66) cjDopMHpyiOT cncTCMy jinneitHbix ypaBHennit (4.5.7). 

ypaBnennH (4.5.16), (4.5.23), (4.5.30), (4.5.37), (4.5.44), (4.5.51), (4.5.58), 
(4.5.65) cjDopMHpyiOT cncTCMy jinneiiHbix ypaBHennit (4.5.8). 
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(4.5.90) - 3T0 peniCHHe ciiCTeMbi jiHHeitHMx ypaBHeHHii (4.5.1). □ 

TeopeMa 4.5.2. PaccMompuM aAze6py OKmoHuonoe O c 6a3ucoM (4.4.1). Cman- 
daprriHue KOMnoHenmu auhcuhoU (pyHKV,uu u Koopdunamu smou (fiyHKU,uu ydosAe- 
meopsimm coomHomeHusiM 

A^FB 
B = F~^A 



(4.5.73) 
(4.5.74) 



B 



A = 



( /o° 
fl 
/I 
/I 
ft 
/I 
ft 

/ /°° - 
/" 

^44 _ 
j66 

V - 



-f^ 

-fi 
fi 
-fi 
f! 
f? 
-fl 



F = 



flO 
y23 
f,2 
^45 
^54 
^67 
^76 

/ 1 
1 
1 
1 
1 
1 
1 
1 

/ 



/2° 
fi 
-f§ 

-f! 
-fi 
-/I 

f! 

fl 

_f02 

f'' 

_pe 

_p7 
^64 
^75 



F- 



1 

12 



-1 
-1 
-1 
-1 
-1 
-1 

V -1 



-1 
1 

-1 
1 
1 
1 
1 
1 

1 

-5 
1 
1 
1 
1 
1 
1 



/3° 


f2 


/5° 


fi 


/7° 


\ 






-f2 


/s 


-fl - 


-ft 


/e 








fl 


fi 


fl - 


pO 

-fl - 










-/o 


fl 


-fi 


fi - 


-fi 








-fl 


-fi 


oA 

ft 


pA 

ft 


pA 

ft 








fi 


-fl 


-fi - 


-fl 


/I 








-fl 


-/I 


fl - 


pfi 

-fl - 


pfi 

-f! 








fl 


-fl 


-fl 


fl - 


-fl 


J 










_p5 


_pe 


- 


pi 


\ 


f'^ 




_p4 






f 


16 








pi 


pOA 

_p4 




f 


25 






pi 


_J36 


J35 




p4 




oA '7 

f47 


oAH 

po 


pA 1 

pi 


pAO 

p2 




ps 




f56 


_pi 


po 


_J53 




p2 






_p2 


pfi'i 

p3 


po 




pi 




J74 


_p3 


_p2 






po 


/ 


-1 


-1 - 


1 -1 


-1 \ 










1 


1 


1 1 


1 










1 
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1 1 


1 










-1 
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1 1 


1 
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-1 


1 1 
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1 - 


1 1 
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1 -1 


1 
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1 1 


-1 J 
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1 1 
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1 \ 
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1 1 
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-5 


1 1 
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1 
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-5 1 
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1 
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1 -5 
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1 1 
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1 1 
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1 1 
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4. Ajirc6pa c flejicHHCM 



^OKASATEJTbCTBO. SanHineM CHCTeMy jiHHeiiHbix ypaBHeHHft (4.5.1) b BH;i,e 
npoiiSBeflCHHa metphd; 



(4.5.75) 









( 1 
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fi 
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f66 
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1 1 
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-1 ) 






/ 



SaniiineM CHCTeMy jiiiHeiiHbix ypaBHenHft (4.5.2) b Bii^e npoHSBeflennH MaTpiin, 



(4.5.76) 



( f^ 
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Ha paseHCTBa (4.5.76) cjie^yeT 
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(4.5.77) 
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SanHineM CHCTeMy jiiiHenHbix ypaBHenHH (4.5.3) b BH^e nponsBeflCKHH MaTpHu, 



(4.5.78) 
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Ha paBeHCTBa (4.5.78) cjie^yeT 
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(4.5.79) 
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SanHineM CHCTeMy jiiiHenHbix ypaBHCHHii (4.5.4) b BH^e nponsBeflCHiiH mrtphii, 



(4.5.80) 
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" /e" /s" /I" 


h fh 


f5 f6 f7 
J2 Jl Jo 


12/16 ^ 


-/7°- 


-5/6^- fi- /|H 




f5 f6 f7 
J2 Jl Jo 


12/25 ^ 


-/7°H 


- /e'+S/l- /|H 




f5 f6 f7 
J2 Jl Jo 


12/3J = 


-/7°H 


- fi- fi+^fh 


\- fh 


f5 f6 f7 
J2 Jl Jo 


12/-i^ - 


-/7°H 


' fi~ /s" /f" 


-5/|H 


f5 f6 f7 
J2 Jl Jo 


12/'52 ^ 


-/7°H 


" /e^ /s" /4^ 




-5/1- f!- fS 


12/61 ^ 


-/7°H 


" /e" /s" /4^ 


\- fh 


- /1+5/f- /o^ 


12/''° 


-/7°H 


" /e ~ /s ~ /4 H 


\- fU 


- /I- /f+5/J 



^OKASATEJibCTBO. CucTeMtijiHHeHHbix ypaBHeHHH (4.5.90) , (4.5.91), (4.5.92), 
(4.5.93), (4.5.94), (4.5.95), (4.5.96), (4.5.97) nojiyT^enbi b peayjibTaTe nepcMHOJKeHHH 
MaipHLi, B paBencTBe (4.5.74). □ 

JX-jisi Toro, HTo6bi HaliTH jiHHeiiHoe OToGpajKenHe, cooTBCTCTByiomee onepan,HH 
conpajKeHHH, a nojiojKy 

(4.5.98) /o = 1 fl= /I = fi = fi = fi = /I = /f = -1 
Ho^CTaBHB (4.5.98) b CHCTCMy ypaBHenHii (4.5.90), mm nojiynnM 

(4.5.99) /°° = /" = /22 = f^^ = /44 = /^^ = /66 = /^^ = -\ 

C jieflOBaTCjiBHO , 



1 



(4.5.100) z^~-{z + {iz)i + (jz)j + (fcz)A; + ((*0^)(*0 + ((jOz)(jO + m)z){kl)) 
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